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❆ ❚✐♠❡r✲❢r❡❡ ❋❛✉❧t ❚♦❧❡r❛♥t K✲▼✉t✉❛❧ ❊①❝❧✉s✐♦♥
❆❧❣♦r✐t❤♠
▼❛t❤✐❡✉ ❇♦✉✐❧❧❛❣✉❡t ✱ ▲✉❝✐❛♥❛ ❆r❛♥t❡s ✱ P✐❡rr❡ ❙❡♥s
❚❤è♠❡ ❈❖▼ ✖ ❙②stè♠❡s ❝♦♠♠✉♥✐❝❛♥ts
➱q✉✐♣❡s✲Pr♦❥❡ts ❘❡❣❛❧
❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ❄❄❄❄ ✖ ♠❛rs ✷✵✵✾ ✖ ✶✾ ♣❛❣❡s
❆❜str❛❝t✿ ❚❤✐s ♣❛♣❡r ♣r♦♣♦s❡s ❛ ❢❛✉❧t t♦❧❡r❛♥t ♣❡r♠✐ss✐♦♥✲❜❛s❡❞ k✲♠✉t✉❛❧
❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❞♦❡s ♥♦t r❡❧② ♦♥ t✐♠❡rs✱ ♥♦r ♦♥ ❢❛✐❧✉r❡ ❞❡t❡❝t♦rs✱
♥❡✐t❤❡r ❞♦❡s ✐t r❡q✉✐r❡ ❡①tr❛ ♠❡ss❛❣❡s ❢♦r ❞❡t❡❝t✐♥❣ ♥♦❞❡ ❢❛✐❧✉r❡s✳ ❋❛✉❧t t♦❧❡r❛♥❝❡
✐s ✐♥t❡❣r❛t❡❞ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ✐ts❡❧❢ ❛♥❞ ✐t ✐s ♣r♦✈✐❞❡❞ ✐❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s②st❡♠
❣✉❛r❛♥t❡❡s t❤❡ ❘❡s♣♦♥s✐✈❡♥❡ss Pr♦♣❡rt② ✭RP✮✳ ❇❛s❡❞ ♦♥ ❘❛②♠♦♥❞✬s ❛❧❣♦r✐t❤♠
❬❘❛②✽✾❪✱ ♦✉r ❛❧❣♦r✐t❤♠ ❡①♣❧♦✐ts t❤❡ r❡q✉❡st✲r❡♣❧② ♠❡ss❛❣❡s ❡①❝❤❛♥❣❡❞ ❜②
♣r♦❝❡ss❡s t♦ ❣❡t ❛❝❝❡ss t♦ ♦♥❡ ♦❢ t❤❡ k ✉♥✐ts ♦❢ t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡ ✐♥ ♦r❞❡r t♦
❞②♥❛♠✐❝❛❧❧② ❞❡t❡❝t ❢❛✐❧✉r❡s ❛♥❞ ❛❞❛♣t t❤❡ ❛❧❣♦r✐t❤♠ t♦ t♦❧❡r❛t❡ t❤❡♠✳
❑❡②✲✇♦r❞s✿ ◆♦ ❦❡②✇♦r❞s
❯♥ ❆❧❣♦r✐t❤♠ ❞❡ K✲❡①❝❧✉s✐♦♥ ♠✉t✉❡❧❧❡ t♦❧ér❛♥t
❛✉① ❢❛✉t❡s s❛♥s t❡♠♣♦r✐s❛t❡✉r
❘és✉♠é ✿ P❛s ❞❡ rés✉♠é
▼♦ts✲❝❧és ✿ ❆❧❣♦r✐t❤♠❡ ré♣❛rt✐✱ t♦❧ér❛♥❝❡ ❛✉① ❢❛✉t❡s✱ ❡①❝❧✉s✐♦♥ ♠✉t✉❡❧❧❡
❆ ❚✐♠❡r✲❢r❡❡ ❋❛✉❧t ❚♦❧❡r❛♥t K✲▼✉t✉❛❧ ❊①❝❧✉s✐♦♥ ❆❧❣♦r✐t❤♠ ✸
✶ ■♥tr♦❞✉❝t✐♦♥
❉✐str✐❜✉t❡❞ ♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ♣r♦❜❧❡♠ ✐♥✈♦❧✈❡s Π ♣r♦❝❡ss❡s ✇❤✐❝❤ ❝♦♠♠✉♥✐❝❛t❡
✈✐❛ ♠❡ss❛❣❡ ♣❛ss✐♥❣ ❛♥❞ ♥❡❡❞ t♦ ❛❝❝❡ss ❛ s❤❛r❡❞ r❡s♦✉r❝❡ ❜② ❡①❡❝✉t✐♥❣ ❛ s❡❣✲
♠❡♥t ♦❢ ❝♦❞❡ ❝❛❧❧❡❞ t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ✭❈❙ ✮✳ ❚❤❡ ♣r♦❜❧❡♠ r❡q✉✐r❡s t❤❛t ♦♥❧②
♦♥❡ ♣r♦❝❡ss ❜❡ ✐♥ t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ❛t ❛♥② ❣✐✈❡♥ t✐♠❡✳ ❚❤❡ ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥
♣r♦❜❧❡♠ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ♦♥❡ ❜② ❝♦♥s✐❞❡r✐♥❣ k ✉♥✐ts
♦❢ t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡✳ ■t t❤❡♥ ❛❧❧♦✇s ❛t ♠♦st k ♣r♦❝❡ss❡s t♦ ❛❝❝❡ss t❤❡s❡ ✉♥✐ts
s✐♠✉❧t❛♥❡♦✉s❧②✱ ✐✳❡✳✱ ♦♥❡ ♣r♦❝❡ss ♣❡r ✉♥✐t✳ ❚❤❡r❡❢♦r❡✱ ❛ k✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦✲
r✐t❤♠ ♠✉st ❣✉❛r❛♥t❡❡ t❤❛t ❛t ♠♦st k ♣r♦❝❡ss❡s ❝❛♥ ❜❡ ✐♥ ✐ts ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ❛t
❛♥② t✐♠❡ ✭s❛❢❡t② ♣r♦♣❡rt②✮ ❛♥❞ t❤❛t ❡✈❡r② r❡q✉❡st ❢♦r ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ❡①❡❝✉t✐♦♥
✐s ❡✈❡♥t✉❛❧❧② s❛t✐s✜❡❞ ✭❧✐✈❡♥❡ss ♣r♦♣❡rt②✮✳
❆ ♥✉♠❜❡r ♦❢ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ s♦❧✈❡ t❤❡ ❞✐str✐❜✉t❡❞ k✲
♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ✐♥t♦ t✇♦ ♠❛✐♥ ❝❛t❡❣♦r✐❡s✿
♣❡r♠✐ss✐♦♥✲❜❛s❡❞ ❬❘❛②✽✾❪✱ ❬P▼P+✾✻❪✱ ❬❍❏❑✾✸❪ ❛♥❞ t♦❦❡♥✲❜❛s❡❞ ❬❙❘✾✷❪✱ ❬▼❇❇+✾✷❪✱
❬❇❱✾✺❪✳ ❚❤❡ ✜rst ❝❛t❡❣♦r② ♦❢ ❛❧❣♦r✐t❤♠s ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣r✐♥❝✐♣❧❡ t❤❛t ❛ ♥♦❞❡
❣❡ts ✐♥t♦ ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ♦♥❧② ❛❢t❡r ❤❛✈✐♥❣ r❡❝❡✐✈❡❞ ♣❡r♠✐ss✐♦♥ ❢r♦♠ ❛❧❧ ♦r ❛ s✉❜✲
s❡t ♦❢ t❤❡ ♦t❤❡r ♥♦❞❡s ♦❢ t❤❡ s②st❡♠✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ t❤❡ ♣♦ss❡ss✐♦♥ ♦❢ t❤❡
s✐♥❣❧❡ t♦❦❡♥ ♦r ♦♥❡ ♦❢ t❤❡ t♦❦❡♥s ❣✐✈❡s ❛ ♥♦❞❡ t❤❡ r✐❣❤t t♦ ❡♥t❡r ✐♥t♦ t❤❡ ❝r✐t✐❝❛❧
s❡❝t✐♦♥✳ ❆❧t❤♦✉❣❤ t♦❦❡♥✲❜❛s❡❞ ❛❧❣♦r✐t❤♠s ✉s✉❛❧❧② ♣r❡s❡♥t ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ✐♥
r❡s♣❡❝t t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♠❡ss❛❣❡s✱ t❤❡② s✉✛❡r ❢r♦♠ ♣♦♦r r❡s✐❧✐❡♥❝②✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ❞✉❡ t♦ r❡❞✉♥❞❛♥❝② ♦❢ ♠❡ss❛❣❡s✱ s♦♠❡ ♣❡r♠✐ss✐♦♥✲❜❛s❡❞ ❛❧❣♦r✐t❤♠s
❛r❡ ✐♥❤❡r❡♥t❧② ❢❛✉❧t t♦❧❡r❛♥t ♦r ❝❛♥ ❜❡ ♠♦r❡ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ ❜❡❝♦♠❡ r❡s✐❧✐❡♥t
t♦ ❢❛✐❧✉r❡s✳
❲❡ ♣r❡s❡♥t ✐♥ t❤✐s ♣❛♣❡r ❛ ❢❛✉❧t t♦❧❡r❛♥t ♣❡r♠✐ss✐♦♥✲❜❛s❡❞ ❦✲♠✉t✉❛❧ ❡①❝❧✉✲
s✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❝❤♦✐❝❡ ❢♦r ❛ ♣❡r♠✐ss✐♦♥✲❜❛s❡❞ ✐s ❥✉st✐✜❡❞ ❜② t❤❡ r❡❛s♦♥
♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❖✉r ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ✐♥s♣✐r❡❞ ❜② ❘❛②♠♦♥❞✬s
❛❧❣♦r✐t❤♠ ❬❘❛②✽✾❪✱ ✇❤❡r❡ ❛ ♥♦❞❡ t❤❛t ✇❛♥ts t♦ ❛❝❝❡ss ♦♥❡ ♦❢ t❤❡ k ✉♥✐ts ♦❢
t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡ s❡♥❞s ❛ r❡q✉❡st t♦ t❤❡ ♦t❤❡r ♣r♦❝❡ss❡s ❛♥❞ t❤✉s ✇❛✐ts ❢♦r ❛
s✉✣❝✐❡♥t ♥✉♠❜❡r ♦❢ ♣❡r♠✐ss✐♦♥s ✭r❡♣❧② ♠❡ss❛❣❡s✮ t❤❛t ❡♥s✉r❡s t❤❛t ♥♦ ♠♦r❡
t❤❛♥ k − 1 ♦❢ t❤❡ ♦t❤❡r ♣r♦❝❡ss❡s ❛r❡ ❝✉rr❡♥t❧② ❡①❡❝✉t✐♥❣ t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥✳
❚❤❡ ♥♦✈❡❧t② ♦❢ ♦✉r s♦❧✉t✐♦♥ ✐s t❤❛t ❢❛✉❧t t♦❧❡r❛♥❝❡ ✐s ✐♥❝♦r♣♦r❛t❡❞ ✐♥ t❤❡ ❛❧❣♦✲
r✐t❤♠ ✐ts❡❧❢✳ ❯♥❧✐❦❡ t❤❡ ♠❛❥♦r✐t② ♦❢ ❢❛✉❧t t♦❧❡r❛♥t ♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠s
❬▼❙✾✹❪✱ ❬◆▼✾✹❪✱ ❬❈❙▲✾✵❪✱ ♦✉r ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t r❡q✉✐r❡ ❡①tr❛ ♠❡ss❛❣❡s✱ ♥♦r
❞♦❡s ✐t ♥❡❡❞ t✐♠❡rs ❢♦r ❝❤❡❝❦✐♥❣ t❤❡ ❧✐✈❡♥❡ss ♦❢ ♥♦❞❡s ♦r ❜r♦❛❞❝❛st✐♥❣ ✐♥❢♦r✲
♠❛t✐♦♥ ❛❜♦✉t ❝r❛s❤❡s✳ ❙✉❝❤ ❛♥ ✐♥❢♦r♠❛t✐♦♥ ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠❡ss❛❣❡s ♦❢ t❤❡
♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥tr❛r✐❧② t♦ s♦♠❡ k✲♠✉t✉❛❧ ❡①❝❧✉✲
s✐♦♥ ❛❧❣♦r✐t❤♠s ❬❘❛②✽✾❪✱❬❙❘✾✷❪ ✇❤❡r❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❞r♦♣s
❛t ❡✈❡r② ❢❛✐❧✉r❡ ❜❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡s t❤❛t ❝❛♥ ❝♦♥❝✉rr❡♥t❧② ❡①❡❝✉t❡
t❤❡ ❈❙ ❞❡❝r❡❛s❡s ❛s ✇❡❧❧✱ ♦✉r ❢❛✉❧t t♦❧❡r❛♥❝❡ ❛♣♣r♦❛❝❤ ❣✉❛r❛♥t❡❡s t❤❛t ✐t ✐s ❛❧✲
✇❛②s ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ k ♣r♦❝❡ss❡s ✐♥ t❤❡ ❈❙ s✐♠✉❧t❛♥❡♦✉s❧②✱ ❞❡s♣✐t❡ ❢❛✐❧✉r❡s✳ ❆
t❤✐r❞ ✇♦rt❤② r❡♠❛r❦ ✐s s✐♥❝❡ ❝r❛s❤❡s ❛r❡ ❞②♥❛♠✐❝❛❧❧② ❞❡t❡❝t❡❞ ❜② ♦✉r ❛❧❣♦r✐t❤♠✱
♣r♦❝❡ss❡s ❝❛♥ ❢❛st❡r s❛t✐s❢② t❤❡✐r r❡q✉❡st t♦ ❡①❡❝✉t❡ t❤❡ ❈❙ ✇❤❡♥ ❢❛✐❧✉r❡s ♦❝❝✉r✿
❜♦t❤ t❤❡ ♥✉♠❜❡r ♦❢ r❡q✉❡st ♠❡ss❛❣❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✇❛✐t❡❞ r❡♣❧✐❡s ♦❢ ❛ ❈❙
r❡q✉❡st ❞❡♣❡♥❞ ♦♥ t❤❡ ❝✉rr❡♥t ♥✉♠❜❡r ♦❢ ♥♦♥ ❢❛✉❧t② ♥♦❞❡s✳
❇❛s✐❝❛❧❧②✱ t❤❡ ✐❞❡❛ ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✐s t❤❛t✱ ❜❡s✐❞❡s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡
❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠ ✐ts❡❧❢✱ ❡❛❝❤ r❡♣❧② ❢r♦♠ pj t♦ pi✬s r❡q✉❡st ✐♥❝❧✉❞❡s
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛❧❧ ♥♦❞❡s t❤❛t ❞♦ ♥♦t r❡♣❧② t♦ pj ✬s ♦✇♥ r❡q✉❡st✱ ✐✳❡✳✱ t❤♦s❡
♥♦❞❡s t❤❛t ♠✐❣❤t ❜❡ ❢❛✉❧t②✳ ❇② ❣❛t❤❡r✐♥❣ ✐♥❢♦r♠❛t✐♦♥ r❡❝❡✐✈❡❞ ❢r♦♠ t❤❡s❡ r❡♣❧✐❡s✱
pi ❝❛♥ ❞❡t❡❝t ✇❤✐❝❤ ❛r❡ t❤❡ ♥♦❞❡s t❤❛t ❤❛✈❡ ❝r❛s❤❡❞✳ ❖✉r ❛❧❣♦r✐t❤♠ t♦❧❡r❛t❡s
❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
✹ ❇♦✉✐❧❧❛❣✉❡t✱ ❆r❛♥t❡s ❛♥❞ ❙❡♥s
❛t ♠♦st k − 1 ❢❛✉❧ts ✭f < k✮✳ ❍♦✇❡✈❡r✱ ❞❡t❡❝t✐♦♥ ♦❢ ❢❛✐❧✉r❡s ✐s ♦♥❧② ♣♦ss✐❜❧❡ ✐❢
t❤❡ ✉♥❞❡r❧②✐♥❣ s②st❡♠ s❛t✐s✜❡s ❛ ♣r♦♣❡rt② ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ t❤❡ ❘❡s♣♦♥s✐✈❡♥❡ss
Pr♦♣❡rt② ✭RP✮✱ ❜❛s❡❞ ♦♥ t❤❡ ✇♦r❦ ♦❢ ▼♦st❡❢❛♦✉✐ ❡t✳❛❧ ❬▼▼❘✵✸❪✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ♦✉r ❛♣♣r♦❛❝❤ r❡❧✐❡s ♦♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s t❤❡
s②♥❝❤r♦♥② ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ RP ♣r♦♣❡rt② st❛t❡s t❤❛t✱ ❢♦r ❡✈❡r② ♣r♦❝❡ss pk✱
s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❡①❡❝✉t✐♦♥✱ t❤❡r❡ ✐s ❛ s❡t ♦❢ ❛t ❧❡❛st f + 1
♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❡❛❝❤ ♣r♦❝❡ss pj ♦❢ ✐ts s❡t ❤❛s ❛❧✇❛②s ❣♦t ❛ r❡♣❧② ❢r♦♠ pk
t♦ ✐ts r❡q✉❡st ✉♥t✐❧ pj ♣♦ss✐❜❧② ❝r❛s❤❡s✳ ❙✐♥❝❡✱ ♦✉r ❛❧❣♦r✐t❤♠ t♦❧❡r❛t❡s f ❢❛✉❧ts
❛♥❞ t❤❡ ❝❤❛♥♥❡❧s ❛r❡ r❡❧✐❛❜❧❡✱ t❤❡ RP t❤❡♥ ❣✉❛r❛♥t❡❡s ✐❢ pi ✇❛✐ts ❢♦r |Π| − f
♠❡ss❛❣❡s ✭✇❤❡r❡ Π ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥✐t✐❛❧ ♥♦❞❡s ♦❢ t❤❡ s②t❡♠✮ t❤❡♥ ❛♠♦♥❣ t❤❡
r❡♣❧✐❡s r❡❝❡✐✈❡❞ ❜② pi ❢r♦♠ pj t♦ ✐ts r❡q✉❡st✱ t❤❡r❡ ✇✐❧❧ ❜❡ ❛t ❧❡❛st ♦♥❡ ✇❤♦s❡
♠❡ss❛❣❡ ❝♦♥t❛✐♥s t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t pk ❤❛s ❛♥s✇❡r❡❞ t♦ pj ✬s ❧❛st r❡q✉❡st✱ ✐❢ pk
❤❛s ♥♦t ❝r❛s❤❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ pk ✇✐❧❧ ♥♦t ❜❡ s✉s♣❡❝t❡❞ ❛s ❢❛✉❧t② ❜② pi✳ ❖♥ t❤❡
❝♦♥tr❛r②✱ ✐❢ pk ❤❛s ❝r❛s❤❡❞✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✐t ❞♦❡s ♥♦t r❡♣❧② t♦ r❡q✉❡sts
✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛❧❧ r❡♣❧✐❡s r❡❝❡✐✈❡❞ ❜② pi✱ ✇❤✐❝❤ ✇✐❧❧ t❤✉s ❝♦♥❝❧✉❞❡
t❤❛t pk ✐s ❢❛✉❧t②✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❛t ✇✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❢❛✐❧✉r❡ ❞❡t❡❝t✐♦♥
♠❡❝❤❛♥✐s♠ ❜✉t ❥✉st ❜❛s❡❞ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ r❡♣❧② ♠❡ss❛❣❡s ♦❢
t❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ RP ♦✉r ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠ ❡♥s✉r❡s ✭✶✮ t❤❛t
❡✈❡r② ❝r❛s❤ ✐s ❡✈❡♥t✉❛❧❧② ❞❡t❡❝t❡❞ ❜② ❡✈❡r② ❝♦rr❡❝t ♣r♦❝❡ss ❛♥❞ ✭✷✮ ♥♦ ❝♦rr❡❝t
♣r♦❝❡ss ✐s s✉s♣❡❝t❡❞✳ ■t ✐s ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ✭✶✮ ❛♥❞ ✭✷✮ ✐s
r❡s♣❡❝t✐✈❡❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ str♦♥❣ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ♣❡r♣❡t✉❛❧ str♦♥❣ ❛❝❝✉r❛❝②
❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ♣❡r❢❡❝t ❢❛✐❧✉r❡ ❞❡t❡❝t♦r P ❬❈❚✾✻❪✱ ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t t♦ s♦❧✈❡
❢❛✉❧t✲t♦❧❡r❛♥t ♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ♣r♦❜❧❡♠ ❬❉●❋●❑✵✺❪✳
❖♥❡ ❝♦✉❧❞ ❛r❣✉❡ t❤❛t t❤❡ ❢❛✉❧t t♦❧❡r❛♥❝❡ ♣r♦✈✐❞❡❞ ❜② ♦✉r ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥
❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ✇♦r❦ ❢♦r ❛♥② ❦✐♥❞ ♦❢ s②st❡♠✳ ❚❤❛t ✐s tr✉❡✱ ❜✉t ✐❢ t❤❡ s②st❡♠
♣r❡s❡♥ts t❤❡ RP✱ ❢❛✉❧t t♦❧❡r❛♥❝❡ ✐s ♦✛❡r❡❞ ✇✐t❤♦✉t ♠✉❝❤ ♦✈❡r❤❡❛❞ s✐♥❝❡ ✐t ✐s
✐♥s❡rt❡❞ ✐♥ t❤❡ ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ✐ts❡❧❢✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ♣♦✐♥t t♦ ❡♠♣❤❛s✐③❡
✐s t❤❛t s❡✈❡r❛❧ ❡♥✈✐r♦♥♠❡♥ts s❛t✐s❢② t❤❡ RP s✉❝❤ ❛s ❛ ●r✐❞ ♣❧❛t❢♦r♠ ✇❤❡r❡ t❤❡
❧❛t❡♥❝② ❜❡t✇❡❡♥ t✇♦ ♥♦❞❡s ♦❢ ❞✐✛❡r❡♥t ❝❧✉st❡rs ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ❧❛t❡♥❝✐❡s ❢r♦♠
t✇♦ ♥♦❞❡s ♦❢ t❤❡ s❛♠❡ ❝❧✉st❡r✱ ♦r ❛ ❢✉❧❧②✲❝♦♥♥❡❝t❡❞ r✐♥❣ ♦r❣❛♥✐③❡❞ s②st❡♠ ✇❤❡r❡
❧❛t❡♥❝✐❡s ❜❡t✇❡❡♥ ♥♦✲♥❡✐❣❤❜♦rs ♥♦❞❡s ❛r❡ ❤✐❣❤❡r t❤❛♥ t❤♦s❡ ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦rs
♥♦❞❡s✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ❞❡✜♥❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧✳
❊①❛♠♣❧❡s ♦❢ ♣❧❛t❢♦r♠s t❤❛t s❛t✐s❢② RP ❛r❡ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✸✳ ❖✉r ❢❛✉❧t✲t♦❧❡r❛♥t
❛❧❣♦r✐t❤♠ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❙✐♠✉❧❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t
✐♥ ❙❡❝t✐♦♥ ✺✳ ❙♦♠❡ r❡❧❛t❡❞ ✇♦r❦ ✐s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✻✳ ❋✐♥❛❧❧②✱ s❡❝t✐♦♥ ✼
❝♦♥❝❧✉❞❡s t❤❡ ♣❛♣❡r✳
✷ ❈♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧
❲❡ ❝♦♥s✐❞❡r ❛ ❞✐str✐❜✉t❡❞ s②st❡♠ ❝♦♥s✐st✐♥❣ ♦❢ ❛ ✜♥✐t❡ s❡t ♦❢ ♥♦❞❡s ♥❛♠❡❞
Π = {p1, . . . , p|Π|}✱ ✇❤❡r❡ |Π| > 1✳ ❚❤❡ s❡t ♦❢ ♣❛rt✐❝✐♣❛♥ts ✐s ❦♥♦✇♥ ❜② ❛❧❧
♥♦❞❡s✳ ❚❤❡r❡ ✐s ♦♥❡ ♣r♦❝❡ss ♣❡r ♥♦❞❡✳ ❍❡♥❝❡✱ t❤❡ ✇♦r❞s ♥♦❞❡ ❛♥❞ ♣r♦❝❡ss ❛r❡
✐♥t❡r❝❤❛♥❣❡❛❜❧❡✳ ❊✈❡r② ♣❛✐r ♦❢ ♥♦❞❡s ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥♥❡❝t❡❞ ❜② ♠❡❛♥s ♦❢
❛ r❡❧✐❛❜❧❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧ ❛♥❞ ♣r♦❝❡ss❡s ❝♦♠♠✉♥✐❝❛t❡ ❜② s❡♥❞✐♥❣ ❛♥❞
r❡❝❡✐✈✐♥❣ ♠❡ss❛❣❡s✳
❚♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ t❛❦❡ t❤❡ r❛♥❣❡ T ♦❢ t❤❡ ❝❧♦❝❦✬s t✐❝❦ t♦ ❜❡
t❤❡ s❡t ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳ Pr♦❝❡ss❡s ❞♦ ♥♦t ❤❛✈❡ ❛❝❝❡ss t♦ T ✿ ✐t ✐s ✐♥tr♦❞✉❝❡❞
❢♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ ♣r❡s❡♥t❛t✐♦♥✳
■◆❘■❆
❆ ❚✐♠❡r✲❢r❡❡ ❋❛✉❧t ❚♦❧❡r❛♥t K✲▼✉t✉❛❧ ❊①❝❧✉s✐♦♥ ❆❧❣♦r✐t❤♠ ✺
❚❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts ♦❢ t❤❡ r❡s♦✉r❝❡ ✐s k✳ ❲❡ ❛ss✉♠❡ t❤❛t k ✐s ❦♥♦✇♥ t♦
❡✈❡r② ♣r♦❝❡ss✳ ❚❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❈❙ ✐s ❜♦✉♥❞❡❞✳
◆♦❞❡s ❝❛♥ ❢❛✐❧ ❜② ❝r❛s❤✐♥❣ ♦♥❧②✱ ❛♥❞ t❤✐s ❝r❛s❤ ✐s ♣❡r♠❛♥❡♥t✳ ❆ ❝♦rr❡❝t
♣r♦❝❡ss ✐s ❛ ♣r♦❝❡ss t❤❛t ❞♦❡s ♥♦t ❝r❛s❤ ❞✉r✐♥❣ ❛ r✉♥✱ ♦t❤❡r✇✐s❡✱ ✐t ✐s ❢❛✉❧t②✳ ▲❡t
f ✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❡✈❡r② ♣r♦❝❡ss✱ ❞❡♥♦t❡ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡s
t❤❛t ♠❛② ❝r❛s❤ ✐♥ t❤❡ s②st❡♠✳ ❲❡ ❝♦♥s✐❞❡r t❤❛t 1 < f < k✳
❚❤❡ ✉♥❞❡r❧②✐♥❣ s②st❡♠ ♠✉st s❛t✐s❢② ❛ ♣r♦♣❡rt②✱ t❤❛t ✇❡ ❞❡♥♦t❡❞ ❘❡s♣♦♥✲
s✐✈❡♥❡ss Pr♦♣❡rt② ✭RP✮✱ ♦♥ t♦♣ ♦❢ ✇❤✐❝❤ ♦✉r ❢❛✉❧t t♦❧❡r❛♥t ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥
❛❧❣♦r✐t❤♠ r✉♥s✳ ❙✉❝❤ ❛ ♣r♦♣❡rt② ❝❤❛r❛❝t❡r✐③❡s t❤❡ s②♥❝❤r♦♥② ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣
s②st❡♠✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ r❡q✉❡st✲r❡♣❧② ♠❡❝❤❛♥✐s♠✱ ❛s ♣r♦♣♦s❡❞ ✐♥ ❬▼▼❘✵✸❪✱
✐s ♥❡❝❡ss❛r②✿ ❛♥② ♣r♦❝❡ss pi t❤❛t ❜r♦❛❞❝❛sts ❛ r❡q✉❡st ♠✉st ✇❛✐t ❢♦r t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ r❡♣❧② ♠❡ss❛❣❡s ❢r♦♠ |Π| − f ♥♦❞❡s ❢♦r t❤❡♥ t♦ ❞❡t❡❝t ❢❛✐❧✉r❡s✳
▲❡t t ∈ T ✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿
❼ crashedt ✿ t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s t❤❛t ❤❛✈❡ ❝r❛s❤❡❞ ❛t ♦r ❜❡❢♦r❡ t✳
❼ not❴rec❴fromti✿ t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s ❢r♦♠ ✇❤✐❝❤ pi ❤❛s ♥♦t r❡❝❡✐✈❡❞ ❛
r❡♣❧② ♠❡ss❛❣❡ t♦ ✐ts ❧❛st r❡q✉❡st t❤❛t t❡r♠✐♥❛t❡❞ ❛t ♦r ❜❡❢♦r❡ t✳
❼ recti✿ t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s pj t❤❛t✱ ❛t t✐♠❡ t✱ ❤❛✈❡ r❡❝❡✐✈❡❞ ❛ r❡♣❧② ♠❡ss❛❣❡
❢r♦♠ pi t♦ t❤❡✐r ❧❛st r❡q✉❡st t❡r♠✐♥❛t❡❞ ❛t t✐♠❡ t✳ ❚❤✉s✱ recti = {pj |pi 6∈
not❴rec❴fromtj}✳
◆♦t✐❝❡ t❤❛t ✇❡ ❛ss✉♠❡ t❤❛t pi ✐s ❛❧✇❛②s ✐♥❝❧✉❞❡❞ ✐♥ recti ❛♥❞ ✐s ♥❡✈❡r ✐♥❝❧✉❞❡❞
✐♥ not❴rec❴fromti✳










■♥t✉✐t✐✈❡❧②✱ t❤❡ RP ♣r♦♣❡rt② st❛t❡s t❤❛t ❢♦r ❡❛❝❤ ♣r♦❝❡ss pi✱ ❢r♦♠ t❤❡ ❜❡✲
❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❡①❡❝✉t✐♦♥ ❛♥❞ ✉♥t✐❧ pi ♣♦ss✐❜❧② ❝r❛s❤❡s✱ t❤❡r❡ ✐s ❛ s❡t
♦❢ ♣r♦❝❡ss❡s ✇❤♦s❡ s✐③❡ ✐s ❣r❡❛t❡r t❤❛♥ f s✉❝❤ t❤❛t ❡❛❝❤ ♣r♦❝❡ss pj ♦❢ t❤✐s s❡t
r❡❝❡✐✈❡❞ ❛ r❡♣❧② ♠❡ss❛❣❡ ❢r♦♠ pi t♦ ❡❛❝❤ ♦❢ ✐ts r❡q✉❡st ✉♥t✐❧ pj ♣♦ss✐❜❧② ❝r❛s❤❡❞✳
◆♦t✐❝❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❢❛✉❧ts f ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ s②st❡♠✳
■t ❝❛♥ ♥♦t ❜❡ ❣r❡❛t❡r t❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝r❛s❤❡s ✇❤✐❝❤ ✈✐♦❧❛t❡s t❤❡ RP ♦❢ t❤❡
s②st❡♠ s✐♥❝❡ t❤❡ ❧❛tt❡r ♠✉st ❛❧✇❛②s ❤♦❧❞✱ ❞❡s♣✐t❡ ❢❛✐❧✉r❡s✳
✸ ❊①❛♠♣❧❡s ♦❢ s②st❡♠s t❤❛t s❛t✐s❢② t❤❡ RP
❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ s②st❡♠ t❤❛t s❛t✐s✜❡s t❤❡ RP ✇♦✉❧❞ ❜❡ ❛ s❡t Π ♦❢ ♣r♦❝❡ss❡s
❢✉❧❧②✲❝♦♥♥❡❝t❡❞ ❛♥❞ ♦r❣❛♥✐③❡❞ ✐♥ ❛ ❧♦❣✐❝❛❧ r✐♥❣ ✇❤❡r❡ pi ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ t♦
❛❧❧ t❤❡ ♥♦❞❡s ❜✉t t❤❡ r❡♣❧✐❡s r❡❝❡✐✈❡❞ ❜② pi+1 ❛♥❞ pi−1 ✭pi✬s ♥❡✐❣❤❜♦rs✮ t♦ t❤❡✐r
r❡s♣❡❝t✐✈❡ r❡q✉❡sts ❛❧✇❛②s ✐♥❝❧✉❞❡s pi✬s r❡♣❧② ✉♥t✐❧ pi ♣♦ss✐❜❧② ❝r❛s❤❡s✳ ■♥ ♦r❞❡r
t♦ ❡♥s✉r❡s t❤❛t t❤❡ RP ❛❧✇❛②s ❤♦❧❞s✱ t❤❡ s②st❡♠ s❤♦✉❧❞ t♦❧❡r❛t❡ ❛t ♠♦st f = 2
❢❛✉❧ts✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t k ♠✉st ❜❡ ❣r❡❛t❡r t❤❛♥ ✷✳ ❙✉❝❤ ❛ s②st❡♠ ✐s ❢❡❛s✐❜❧❡
✐❢✱ ❢♦r ✐♥st❛♥❝❡✱ ❜♦t❤ ❝❤❛♥♥❡❧s ✭pi − pi−1✮ ❛♥❞ ✭pi − pi+1✮ ❛r❡ ♥❡✈❡r t❤❡ s❧♦✇❡st
♦♥❡s ❛♠♦♥❣ ❛❧❧ t❤❡ ❝❤❛♥♥❡❧s ❝♦♥♥❡❝t✐♥❣ pi t♦ ❛♥♦t❤❡r ♣r♦❝❡ss✳ ❍❡♥❝❡✱ ✐❢ pi✱
pi+1 ❛♥❞ pi−1 ❛r❡ ♥♦t ❝r❛s❤❡❞ ❛t t✐♠❡ t t❤❡♥ {pi−1, pi, pi+1} ❜❡❧♦♥❣ t♦ recti✱ ✐✳❡✳✱
❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
✻ ❇♦✉✐❧❧❛❣✉❡t✱ ❆r❛♥t❡s ❛♥❞ ❙❡♥s




❚❤✉s✱ s✐♥❝❡ ❛ ♥♦❞❡ pj ✇❛✐ts ❢♦r |Π| − 2 r❡♣❧② ♠❡ss❛❣❡s ❢♦r ✐ts r❡q✉❡st✱ ✐❢ pi ✐s
♥♦t ❝r❛s❤❡❞ ❛t t✱ ❛♠♦♥❣ t❤❡ r❡♣❧② ♠❡ss❛❣❡s r❡❝❡✐✈❡❞ ❜② pj t❤❡r❡ ❡①✐sts ❛t ❧❡❛st
♦♥❡ ❢r♦♠ t❤♦s❡ t❤r❡❡ ♣r♦❝❡ss❡s✳ ❚❤✐s ♠❡ss❛❣❡ ❝❛♥ t❤❡♥ ✐♥❝❧✉❞❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥
t❤❛t pi ❤❛s ♥♦t ❝r❛s❤❡❞✳
❆ s❡❝♦♥❞ ❡①❛♠♣❧❡ ✇♦✉❧❞ ❜❡ ❛ s②st❡♠ ❝♦♠♣♦s❡❞ ♦❢ ✐♥t❡r❝♦♥♥❡❝t✐♦♥s ♦❢ ❝❧✉s✲
t❡rs✱ s✉❝❤ ❛s ❛ ●r✐❞✱ ✇❤❡r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧❛t❡♥❝✐❡s ❜❡t✇❡❡♥ ♥♦❞❡s ♦❢ ❞✐✛❡r❡♥t
❝❧✉st❡rs ❛r❡ ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧❛t❡♥❝✐❡s ❜❡t✇❡❡♥ ♥♦❞❡s ✇✐t❤✐♥
t❤❡ s❛♠❡ ❝❧✉st❡r ❛♥❞ ✇❤❡r❡ t❤❡r❡ ❡①✐sts ❛❧✇❛②s ❛t ❧❡❛st ♦♥❡ ❝♦rr❡❝t ♣r♦❝❡ss ✐♥
❡✈❡r② ❝❧✉st❡r ❬❙P✵✽❪✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❢❛✉❧ts ♠✉st t❤✉s ❜❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ♥✉♠❜❡r
♦❢ ♥♦❞❡s ♦❢ t❤❡ s♠❛❧❧❡st ❝❧✉st❡r ♠✐♥✉s ♦♥❡✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ |Π| ♥♦❞❡s ♦❢
❛ ●r✐❞ ❛r❡ s♣r❡❛❞ ♦✈❡r c ❝❧✉st❡rs ✭1 ≤ c ≤ |Π|✮ ❛♥❞ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s
♦❢ ❡❛❝❤ ❝❧✉st❡r Ci ✐s ❡q✉❛❧ t♦ nci ✭nci > 1✮✱ t❤❡♥ f < min(nci)✳ ❙✉❝❤ ❛ ✈❛❧✉❡
❡♥s✉r❡s t❤❛t pi ✇✐❧❧ ❛❧✇❛②s r❡❝❡✐✈❡ ❛t ❧❡❛st ♦♥❡ r❡♣❧② ♠❡ss❛❣❡ ❢r♦♠ ❡✈❡r② ♦t❤❡r
❝❧✉st❡r✳ ❋✉rt❤❡r♠♦r❡✱ ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❧❛t❡♥❝✐❡s✱ r❡♣❧✐❡s s❡♥t ❜② pi ❛s ❛♥
❛♥s✇❡r t♦ t❤❡ ♣r♦❝❡ss❡s✬ r❡q✉❡sts ♦❢ ✐ts ♦✇♥ ❝❧✉st❡r ❛t t✐♠❡ t ❛r❡ ❛❧✇❛②s r❡❝❡✐✈❡❞
❜② t❤❡s❡ ♣r♦❝❡ss❡s ❛♠♦♥❣ t❤❡✐r ✜rst r❡♣❧✐❡s✳ ❚❤❡s❡ ♣r♦❝❡ss❡s t❤❡♥ ❛r❡ ❛❧✇❛②s
✐♥❝❧✉❞❡❞ ✐♥ recti✱ ✐✳❡✳✱ t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s t❤❛t r❡❝❡✐✈❡❞ ❛ r❡♣❧② ♠❡ss❛❣❡ ❢r♦♠ pi
❛t t✐♠❡ t✳ ❚♦ t❤✐s s❛♠❡ r❡❛s♦♥✱ ✐❢ pj ❛♥❞ pi ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❝❧✉st❡r
♠❡ss❛❣❡✱ ❛ ♠❡ss❛❣❡ r❡❝❡✐✈❡❞ ❢r♦♠ pj ❢r♦♠ ❛ ♣r♦❝❡ss t❤❛t ❜❡❧♦♥❣ t♦ pi✬s ❝❧✉st❡r
✇✐❧❧ ❝♦♥t❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t pi ❛❧✐✈❡♥❡ss✳
✹ ❚✐♠❡r✲❢r❡❡ ❢❛✉❧t✲t♦❧❡r❛♥t ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧✲
❣♦r✐t❤♠
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ♦✉r ♣❡r♠✐ss✐♦♥✲❜❛s❡❞ ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠
t❤❛t t♦❧❡r❛t❡s 1 < f < k ❢❛✐❧✉r❡s ✇❤❡♥ t❤❡ ✉♥❞❡r❧②✐♥❣ s②st❡♠ s❛t✐s✜❡s t❤❡
❘❡s♣♦♥s✐✈❡♥❡ss ♣r♦♣❡rt② ✭RP✮✳
✹✳✶ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❆❧❣♦r✐t❤♠
❆❧❣♦r✐t❤♠ ✶ s❤♦✇s t❤❡ ♣s❡✉❞♦✲❝♦❞❡ ♦❢ ♦✉r ❢❛✉❧t t♦❧❡r❛♥t k✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥
❛❧❣♦r✐t❤♠✳ ❲❡ ❝♦♥s✐❞❡r t❤❛t ❡❛❝❤ ♣r♦❝❡ss ✐♥✜♥✐t❡❧② ❝❛❧❧s t❤❡ ❢✉♥❝t✐♦♥s ❘❡✲
q✉❡st❴r❡s♦✉r❝❡✭✮ t♦ ❛s❦ ❛❝❝❡ss t♦ ❛ ✉♥✐t ♦❢ t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡✱ ✐✳❡✳✱ t♦ ❡①❡❝✉t❡
t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ✭❈❙✮✱ ❛♥❞ ❝❛❧❧s t❤❡ ❘❡❧❡❛s❡❴r❡s♦✉r❝❡✭✮ ✇❤❡♥ ✐t r❡❧❡❛s❡s t❤❡
❈❙✳ ▲❛♠♣♦rt✬s ❧♦❣✐❝❛❧ ❝❧♦❝❦s ❬▲❛♠✼✽❪ ✐s ✉s❡❞ ❢♦r ❝♦♥tr♦❧✐♥❣ ❝❛✉s❛❧✐t② ♦❢ ❡✈❡♥ts✳
■◆❘■❆
❆ ❚✐♠❡r✲❢r❡❡ ❋❛✉❧t ❚♦❧❡r❛♥t K✲▼✉t✉❛❧ ❊①❝❧✉s✐♦♥ ❆❧❣♦r✐t❤♠ ✼
✶✿ statei ← not❴requesting ⊲ ■♥✐t✐❛❧✐③❛t✐♦♥
✷✿ Hi ← 0
✸✿ crashedi ← ∅
✹✿ not❴rec❴fromi ← ∅
✺✿ Xi ← ∅
✻✿ pendingi ← ∅
❘❡q✉❡st❴r❡s♦✉r❝❡✭✮✿ ⊲ ◆♦❞❡ ✇✐s❤❡s t♦ ❡♥t❡r ❈❙
✼✿ statei ← requesting
✽✿ new❴not❴rec❴fromi ← Π \ {i}
✾✿ Xi ← {〈i, not❴rec❴fromi〉}
✶✵✿ lasti ← Hi + 1
✶✶✿ have❴permi[ ]← false
✶✷✿ perm❴counti ← 0
✶✸✿ ❢♦r ❛❧❧ j 6= i : j 6∈ crashedi ❞♦
✶✹✿ s❡♥❞ REQUEST (i, lasti, crashedi) t♦ j
✶✺✿ ✇❛✐t ✉♥t✐❧ (perm❴counti ≥ |Π− crashedi| − k)
✶✻✿ statei ← CS
❘❡❧❡❛s❡❴r❡s♦✉r❝❡✭✮✿ ⊲ ◆♦❞❡ ❡①✐ts t❤❡ ❈❙
✶✼✿ ❢♦r ❛❧❧ (j 6= i : j ∈ (pendingi \ crashedi)) ❞♦
✶✽✿ s❡♥❞ REPLY (i,P❊❘▼, not❴rec❴fromi) t♦ j
✶✾✿ pendingi ← ∅
✷✵✿ statei ← not❴requesting
✷✶✿ ✉♣♦♥ r❡❝❡✐✈❡ REQUEST (j, Hj , crashedj) ❞♦
✷✷✿ Hi ← max(Hi, Hj) + 1
✷✸✿ ❢♦r ❛❧❧ k ∈ crashedj \ crashedi ❞♦
✷✹✿ ✐❢ have❴permi[k] t❤❡♥
✷✺✿ perm❴count−−
✷✻✿ have❴permi[k] = false
✷✼✿ crashedi ← crashedi ∪ crashedj
✷✽✿ ✐❢ (statei = CS) ♦r (statei = requesting ❛♥❞ (lasti, i) < (Hj , j)) t❤❡♥
✷✾✿ s❡♥❞ REPLY (i,◆❖P❊❘▼, not❴rec❴fromi) t♦ j
✸✵✿ pendingi ← pendingi ∪ {j}
✸✶✿ ❡❧s❡
✸✷✿ s❡♥❞ REPLY (i,P❊❘▼, not❴rec❴fromi) t♦ j
✸✸✿ ✉♣♦♥ r❡❝❡✐✈❡ REPLY (j, ack, not❴rec❴fromj) ❞♦
✸✹✿ new❴not❴rec❴fromi ← new❴not❴rec❴fromi \ {j}
✸✺✿ Update(Xi, 〈j, not❴rec❴fromj〉)
✸✻✿ ✐❢ |new❴not❴rec❴from| ≤ f t❤❡♥
✸✼✿ not❴rec❴fromi ← new❴not❴rec❴fromi




✸✾✿ ✐❢ (statei = requesting) ❛♥❞ (ack = P❊❘▼) ❛♥❞ (j /∈ crashedi) t❤❡♥
✹✵✿ perm❴counti + +
✹✶✿ have❴permi[j] = true
❆❧❣♦r✐t❤♠ ✶✿ ❋❛✉❧t✲t♦❧❡r❛♥t ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠
Pr♦❝❡ss pi ❝❛♥ ✐ss✉❡ t✇♦ t②♣❡s ♦❢ ♠❡ss❛❣❡s✿ ✭✶✮ r❡q✉❡st ♠❡ss❛❣❡ ✇❤✐❝❤
✐s t✐♠❡st❛♠♣❡❞ ❜② t❤❡ ♣❛✐r ✭Hi, i✮✱ ✐✳❡✳✱ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡ ♦❢ pi✬s ❧♦❣✐❝❛❧ ❝❧♦❝❦
❛♥❞ ✐ts ✐❞❡♥t✐✜❝❛t✐♦♥✳ ❙✉❝❤ ❛ t✐♠❡st❛♠♣ ❞❡✜♥❡s ❛ t♦t❛❧ ♦r❞❡r ❢♦r t❤❡ r❡q✉❡sts✶✳
❚❤❡ ♠❡ss❛❣❡ ❛❧s♦ ❤♦❧❞s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s❡t ♦❢ ❢❛✉❧t② ♣r♦❝❡ss ♦❢ ✇❤✐❝❤
pi ✐s ❛✇❛r❡❀ ✭✷✮ r❡♣❧② ♠❡ss❛❣❡ ✇❤✐❝❤ ❝♦♥t❛✐♥ pi✬s ✐❞❡♥t✐✜❝❛t✐♦♥✱ ❛ t❛❣ ✇❤✐❝❤
❞❡♥♦t❡s ✐❢ pi ❣✐✈❡s ✐ts ♣❡r♠✐ss✐♦♥ ✭♣❡r♠✮ ♦r ♥♦t ✭♥♦♣❡r♠✮ t♦ t❤❡ r❡q✉❡st✐♥❣
♣r♦❝❡ss t♦ ❡①❡❝✉t❡ t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥✱ ❛♥❞ t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s not❴rec❴from
✶ (Hi, i) < (Hj , j)⇔ Hi < Hj or (Hi = Hj and i = j)
❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
✽ ❇♦✉✐❧❧❛❣✉❡t✱ ❆r❛♥t❡s ❛♥❞ ❙❡♥s
t❤❛t ❞✐❞ ♥♦t ❛♥s✇❡r t♦ t❤❡ ❧❛st r❡q✉❡st ♦❢ pi✳ ■♥ ♦r❞❡r t♦ ✉♥✐q✉❡❧② ✐❞❡♥t✐❢②
t❤❡ ❝♦✉♣❧❡ ✭r❡q✉❡st✱ s❡t ♦❢ r❡♣❧✐❡s✮✱ ❡❛❝❤ r❡♣❧② ♠❡ss❛❣❡ ❛❧s♦ ✐♥❝❧✉❞❡s t❤❡
t✐♠❡st❛♠♣ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡q✉❡st ♠❡ss❛❣❡✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②
s✉❝❤ ❛ t✐♠❡st❛♠♣ ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝♦❞❡ ♦❢ ❆❧❣♦r✐t❤♠ ✶✳
❲❤❡♥ ❛ ♣r♦❝❡ss pi ✇❛♥ts t♦ ❛❝❝❡ss ❛♥ ✉♥✐t ♦❢ t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡✱ ✐t s❡♥❞s ❛
r❡q✉❡st ♠❡ss❛❣❡ t♦ t❤♦s❡ ♣r♦❝❡ss❡s ✐t ❜❡❧✐❡✈❡s t❤❛t ❛r❡ ❝✉rr❡♥t❧② ♥♦t ❝r❛s❤❡❞✳
❊❛❝❤ ♦❢ t❤❡s❡ ♣r♦❝❡ss❡s✱ ✐❢ ❝♦rr❡❝t✱ ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❣✐✈❡s ✐ts ♣❡r♠✐ss✐♦♥ t♦ pi✳
❍♦✇❡✈❡r✱ pi ❞♦❡s ♥♦t ♥❡❡❞ t♦ ✇❛✐t ❢♦r ❛ ♣❡r♠✐ss✐♦♥ ❢r♦♠ ❛❧❧ ♦❢ t❤❡♠✳ ❲❤❡♥ ✐t
❤❛s r❡❝❡✐✈❡❞ ❛ s✉✣❝✐❡♥t ♥✉♠❜❡r ♦❢ ♣❡r♠✐ss✐♦♥s s✉❝❤ ❛s t♦ ❜❡ s✉r❡ t❤❛t ♥♦ ♠♦r❡
t❤❛♥ (k−1) ♦❢ t❤❡ ♦t❤❡r ❝♦rr❡❝t ♣r♦❝❡ss❡s ❛r❡ ❡①❡❝✉t✐♥❣ t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥✱ pi ❝❛♥
st❛rt ❡①❡❝✉t✐♥❣ ✐t t♦♦✳ ■❢ t❤❡r❡ ✐s ♥♦ ❝r❛s❤✱ t❤✐s ♥✉♠❜❡r ♦❢ ♣❡r♠✐ss✐♦♥s ✐s ❡q✉❛❧
t♦ (|Π|−k)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ♦✉r ❛♣♣r♦❛❝❤✱ ❛ ♣r♦❝❡ss ❞②♥❛♠✐❝❛❧❧② ❣❛t❤❡rs
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ♥♦❞❡ ❝r❛s❤❡s✳ ❍❡♥❝❡✱ pi ❥✉st ♥❡❡❞s t♦ ✇❛✐t ❢♦r |Π−crashedi|−
k ♣❡r♠✐ss✐♦♥s✱ ✇❤❡r❡ |crashedi| ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s t❤❛t pi ❝✉rr❡♥t❧② ❦♥♦✇s
t♦ ❜❡ ❢❛✉❧t②✳ ◆♦t✐❝❡ t❤❛t t❤❛♥❦s t♦ RP✱ t❤❡r❡ ✐s ♥♦ ❢❛❧s❡ s✉s♣✐❝✐♦♥✱ ✐✳❡✱ ✐❢ pi
❝♦♥s✐❞❡rs t❤❛t pj ❤❛s ❝r❛s❤❡❞✱ t❤❡♥ ✐t r❡❛❧❧② ❞✐❞✳
Pr♦❝❡ss pi ❤❛♥❞❧❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❝❛❧ ✈❛r✐❛❜❧❡s✿
❼ statei✿ ❦❡❡♣s ♦♥❡ ♦❢ t❤❡ tr❡❡ ♣♦ss✐❜❧❡ st❛t❡ ♦❢ pi ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝r✐t✐❝❛❧
s❡❝t✐♦♥✿ r❡q✉❡st✐♥❣✱ ❈❙✱ ♥♦t❴r❡q✉❡st✐♥❣✳
❼ Hi✿ ▲❛♠♣♦rt✬s ❧♦❣✐❝❛❧ ❝❧♦❝❦ ✭❝♦✉♥t❡r✮✳
❼ lasti ✿ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧♦❣✐❝❛❧ ❝❧♦❝❦ ♦❢ pi ✇❤❡♥ ✐t s❡♥t ✐ts ❧❛st r❡q✉❡st
♠❡ss❛❣❡✳
❼ perm❴counti✿ ❦❡❡♣s t❤❡ ♥✉♠❜❡r ♦❢ r❡❝❡✐✈❡❞ ♣❡r♠✐ss✐♦♥s ❢♦r t❤❡ ❝✉rr❡♥t
r❡q✉❡st✳
❼ have❴permi✿ ❛ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ t❤❛t ✐♥❢♦r♠s ✐❢ ♣r♦❝❡ss pk ❤❛s ❛❧r❡❛❞②
❣✐✈❡♥ ✐ts ♣❡r♠✐ss✐♦♥ t♦ pi✬s ❝✉rr❡♥t r❡q✉❡st ♦r ♥♦t✳
❼ crashedi✿ t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s t❤❛t pi ❝✉rr❡♥t❧② ❦♥♦✇s t♦ ❤❛✈❡ ❝r❛s❤❡❞✳
❼ not❴rec❴fromi✿ ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛t ♠♦st f ♣r♦❝❡ss❡s ❢r♦♠ ✇❤✐❝❤ pi ❤❛s
♥♦t r❡❝❡✐✈❡❞ ❛ r❡♣❧② ♠❡ss❛❣❡ t♦ ✐ts ❧❛st r❡q✉❡st✳
❼ new❴not❴rec❴fromi✿ ❛♥ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡ ✉s❡❞ t♦ ❝♦♥str✉❝t not❴rec❴fromi✳
❼ Xi✿ t❤❡ s❡t ♦❢ t❤❡ not❴rec❴from s❡ts r❡❝❡✐✈❡❞ ❜② pi✳ ❊❛❝❤ ❡❧❡♠❡♥t ♦❢
Xi ✐s ❛ t✉♣❧❡ ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss t❤❛t r❡♣❧✐❡❞ t♦
pi ❛♥❞ t❤❡ r❡s♣❡❝t✐✈❡ not❴rec❴from s❡t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ r❡♣❧✐❡r✬s ♠❡ss❛❣❡
✱✐✳❡✳✱ 〈j, not❴rec❴fromj〉✳
❼ pendingi✿ t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s t♦ ✇❤✐❝❤ pi ❤❛s ♣♦st♣♦♥❡❞ t❤❡ s❡♥❞✐♥❣ ♦❢ ❛
r❡♣❧② ♠❡ss❛❣❡✳
❚❤❡ ■♥✐t✐❛❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ❡①❡❝✉t❡❞ ♦♥❝❡ ❜② ❡❛❝❤ ♣r♦❝❡ss ❛t t❤❡ ❜❡❣✐♥✲
♥✐♥❣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✭❧✐♥❡s ✸✲✻✮✳
❲❤❡♥ ♣r♦❝❡ss pi r❡q✉❡sts ♦♥❡ ✉♥✐t ♦❢ t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡ ✭❢✉♥❝t✐♦♥ ❘❡✲
q✉❡st❴r❡s♦✉r❝❡✭✮✮✱ ✐t s❡ts ✐ts st❛t❡ t♦ r❡q✉❡st✐♥❣ ❛♥❞ s❡♥❞s ❛ r❡q✉❡st ♠❡ss❛❣❡
t♦ ❛❧❧ ♣r♦❝❡ss❡s ❡①❝❡♣t t❤♦s❡ ✐t ✐s ❛✇❛r❡ ♦❢ ❜❡✐♥❣ ❝r❛s❤❡❞ ✭❧✐♥❡s ✶✸✲✶✹✮✳ ❯♣♦♥
r❡❝❡✐✈✐♥❣ ❛t ❧❡❛st |Π − crashedi| − k r❡♣❧✐❡s✱ ✐t ❦♥♦✇s t❤❛t ✐t ❝❛♥ ❛❝❝❡ss ❛ ✉♥✐t
■◆❘■❆
❆ ❚✐♠❡r✲❢r❡❡ ❋❛✉❧t ❚♦❧❡r❛♥t K✲▼✉t✉❛❧ ❊①❝❧✉s✐♦♥ ❆❧❣♦r✐t❤♠ ✾
♦❢ t❤❡ r❡s♦✉r❝❡ ❛♥❞ ✐t t❤❡♥ ❝❤❛♥❣❡s ✐ts st❛t❡ t♦ ❈❙ ✭❧✐♥❡s ✶✺✲✶✻✮✳ ■t ✐s ✇♦rt❤
r❡♠❛r❦✐♥❣ t❤❛t ✇❤✐❧❡ ✇❛✐t✐♥❣ ❢♦r s✉❝❤ ♣❡r♠✐ss✐♦♥s✱ t❤❡ ✈❛❧✉❡ ♦❢ |Π − crashedi|
❞②♥❛♠✐❝❛❧❧② ❞❡❝r❡❛s❡s ✐❢ pi ❞❡t❡❝ts t❤❡ ❢❛✐❧✉r❡ ♦❢ ♦♥❡ ♦r ♠♦r❡ ♣r♦❝❡ss❡s✳ ◆♦t❡
❛❧s♦ t❤❛t ❡✈❡♥ ✐❢ pi ❞♦❡s ♥♦t ❛❝t✉❛❧❧② s❡♥❞ ❛ r❡q✉❡st t♦ ✐ts❡❧❢✱ ✐t ❝♦♥s✐❞❡rs t❤❛t
✐t ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s t❤❛t ❤❛✈❡ ♥♦t ❝✉rr❡♥t❧② r❡♣❧✐❡❞ t♦ t❤❡
r❡q✉❡st ✭❧✐♥❡ ✽✮✳ ❆ ❧❛st r❡♠❛r❦ ✐s t❤❛t pi ✐♥❝❧✉❞❡s ✐♥ ✐ts r❡q✉❡st ♠❡ss❛❣❡ t❤❡
✐♥❢♦r♠❛t✐♦♥ ✐t ❝✉rr❡♥t ❦♥♦✇s ❛❜♦✉t ❝r❛s❤❡❞ ♣r♦❝❡ss❡s ✭crashedi✮ ✇❤✐❝❤ ❛❧❧♦✇s
t❤❡ ♦t❤❡r ♣r♦❝❡ss❡s✱ s♣❡❝✐❛❧❧② t❤♦s❡ t❤❛t ❞♦ ♥♦t r❡q✉❡st t❤❡ ❈❙ ✈❡r② ♦❢t❡♥✱ t♦
✉♣❞❛t❡ t❤❡✐r ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t ♥♦❞❡ ❢❛✐❧✉r❡s✳
❲❤❡♥ ❡①✐t✐♥❣ t❤❡ CS ❜② ❝❛❧❧✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ❘❡❧❡❛s❡❴r❡s♦✉r❝❡✭✮✱ pi ❣✐✈❡s
✐ts ♣❡r♠✐ss✐♦♥ t♦ ❛❧❧ t❤♦s❡ ♣r♦❝❡ss❡s ✇❤♦s❡ r❡q✉❡sts ✐t ❤❛s ❞❡❢❡rr❡❞ ❛♥❞ ✇❤✐❝❤ ✐t
s✉♣♣♦s❡s ♥♦t t♦ ❜❡ ❢❛✉❧t② ✭❧✐♥❡s ✶✼✲✷✵✮✳ ■t t❤❡♥ s❡ts ✐ts st❛t❡ t♦ ♥♦t❴r❡q✉❡st✐♥❣✳
❯♣♦♥ r❡❝❡♣t✐♦♥ ♦❢ ❛ r❡q✉❡st ♠❡ss❛❣❡ ❢r♦♠ pj ✱ ♥♦❞❡ pi ✉♣❞❛t❡s ✐ts ❧♦❣✐❝❛❧
❝❧♦❝❦ Hi✳ ■t ❛❧s♦ ✈❡r✐✜❡s ✐❢ ✐♥ pj ✬s r❡♣❧② ♠❡ss❛❣❡ t❤❡r❡ ❡①✐sts ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
t❤❡ ❝r❛s❤ ♦❢ ❛ ♥♦❞❡ ❢r♦♠ pk ✇❤✐❝❤ pi ❤❛❞ ❛❧r❡❛❞② r❡❝❡✐✈❡❞ ❛ ♣❡r♠✐ss✐♦♥✳ ■♥
t❤✐s ❝❛s❡✱ pi ♠✉st ♥♦t ❝♦♥s✐❞❡r pk✬s ♣❡r♠✐ss✐♦♥ ✭❧✐♥❡s ✷✹✲ ✷✻✮✳ ■t t❤❡♥ ✉♣❞❛t❡s
✐ts crashedi s❡t ✇✐t❤ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❝r❛s❤❡❞ ♥♦❞❡s ♦❢ ✇❤✐❝❤ pj ✐s ❛✇❛r❡
✭❧✐♥❡ ✷✼✮✳ ◆♦t✐❝❡ t❤❛t pi ✇✐❧❧ ❞❡t❡❝t t❤❡ ❝r❛s❤ ♦❢ pk ✇❤❡♥ ✭✶✮ ✐t r❡❝❡✐✈❡s ❛ ♥❡✇
r❡q✉❡st ❢r♦♠ ❛ ♥♦❞❡ t❤❛t ❦♥♦✇s t❤❛t pk ✐s ❝r❛s❤❡❞ ❛♥❞ pi ❞✐❞♥✬t r❡❝❡✐✈❡ ❛ r❡♣❧②
♠❡ss❛❣❡ ❢r♦♠ pk t♦ ✐ts ❝✉rr❡♥t r❡q✉❡st ♦r ✭✷✮ ✇❤❡♥ ❡✈❡♥t✉❛❧❧② pi ❡①❡❝✉t❡s ❧✐♥❡
✸✽✳
Pr♦❝❡ss pi t❤❡♥ s❡♥❞s ❜❛❝❦ ❛ ♣❡r♠✐ss✐♦♥ ✭r❡♣❧② ♠❡ss❛❣❡ t❛❣❣❡❞ ✇✐t❤ ♣❡r♠✮
♦♥❧② ✐❢ ✐t ✐s ♥♦t ✐♥ t❤❡ CS ♦r ✐❢ ✐ts ❝✉rr❡♥t r❡q✉❡st ❤❛s ♥♦t ♣r✐♦r✐t② ♦✈❡r pj ✬s ♦♥❡✱
✐✳❡✳✱ t❤❡ t✐♠❡st❛♠♣ ♦❢ pj ✬s r❡q✉❡st ♠❡ss❛❣❡ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ t✐♠❡st❛♠♣ ♦❢
pi✬s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t♦t❛❧ ♦r❞❡r ❞❡✜♥❡❞ ❜② ▲❛♠♣♦rt✳ ✭❧✐♥❡ ✸✷✮✳ ❖t❤❡r✇✐s❡✱ ✐t
s❡♥❞s ❛ r❡♣❧②♠❡ss❛❣❡ t♦ pj t❛❣❣❡❞ ✇✐t❤ ♥♦♣❡r♠ ✭❧✐♥❡ ✷✾✮ ❛♥❞ s❤♦✉❧❞ r❡♠❡♠❜❡r
t❤❛t ✇❤❡♥ ✐t r❡❧❡❛s❡s t❤❡ CS✱ ✐t ♠✉st ❣✐✈❡s ✐ts ♣❡r♠✐ss✐♦♥ t♦ pj ✭❧✐♥❡ ✸✵✮✳ ■♥
❜♦t❤ ❝❛s❡s✱ ✐t ✐♥❝❧✉❞❡s ✐ts not❴rec❴from s❡t ✐♥ t❤❡ r❡♣❧② ♠❡ss❛❣❡✳
❲❤❡♥ pi r❡❝❡✐✈❡s ❛ r❡♣❧②♠❡ss❛❣❡ ❢r♦♠ pj ✱ ✐t ❡①❝❧✉❞❡s pj ❢r♦♠ ✐ts new❴not❴rec❴from
❛♥❞ ✉♣❞❛t❡s ✐ts Xi s❡t ✇✐t❤ t❤❡ not❴rec❴from s❡♥t ❜② pj ✭❧✐♥❡s ✸✹✲✸✺✮✳ ❘❡✲
♠❛r❦ t❤❛t ❛ s✐♥❣❧❡ ♥♦❞❡ ♠❛② r❡♣❧② t✇✐❝❡ t♦ t❤❡ s❛♠❡ r❡q✉❡st ♦❢ pi✿ ✉♣♦♥
❞❡❢❡rr✐♥❣ t❤❡ r❡q✉❡st ✭♥♦♣❡r♠✮ ❛♥❞ t❤❡♥ ✇❤❡♥ r❡❧❡❛s✐♥❣ t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥
✭♣❡r♠✮✳ ❚❤✉s✱ ❢♦r ❛ ❣✐✈❡♥ r❡q✉❡st✱ Update(Xi, 〈j, not❴rec❴fromj〉) ❡✐t❤❡r ✐♥✲
❝❧✉❞❡s 〈j, not❴rec❴fromj〉 ✐♥ Xi ✐❢ t❤❡ ❧❛tt❡r ❞♦❡s ♥♦t ❤❛✈❡ not❴rec❴fromj
♦r r❡♣❧❛❝❡s t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ♦t❤❡r✇✐s❡✳ ❆s ❛t ♠♦st f ♣r♦❝❡ss❡s ❝❛♥ ❝r❛s❤ ❛♥❞
t❤❡ ❝❤❛♥♥❡❧s ❛r❡ r❡❧✐❛❜❧❡✱ ♣r♦❝❡ss pi r❡❝❡✐✈❡s ❛t ❧❡❛st ✭|Π| − f✮ r❡♣❧② ♠❡ss❛❣❡s✳
❋✉rt❤❡r♠♦r❡✱ t❤❡RP ♣r♦♣❡rt② ❡♥s✉r❡s t❤❛t s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠
❡①❡❝✉t✐♦♥✱ t❤❡r❡ ✐s ❛ s❡t ♦❢ ❛t ❧❡❛st f + 1 ♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❡✈❡r② ♣r♦❝❡ss pj ♦❢
t❤✐s s❡t ❛❧✇❛②s r❡❝❡✐✈❡❞ ❛ r❡♣❧② ♠❡ss❛❣❡ ❢r♦♠ pk t♦ ✐ts q✉❡r② ✉♥t✐❧ pj ♣♦ss✐❜❧②
❝r❛s❤❡s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ s✐♥❝❡ pi ✇❛✐ts ❢♦r ❛t ❧❡❛st ✭|Π| − f✮ r❡♣❧② ♠❡ss❛❣❡s✱
t❤❡ ❝♦rr❡❝t ♣r♦❝❡ss pk ✇✐❧❧ ♥♦t ❜❡❧♦♥❣ t♦ ❛t ❧❡❛st ♦♥❡ not❴rec❴from s❡t✱ ✐♥✲
❝❧✉❞❡❞ ✐♥ ❡❛❝❤ ♦❢ t❤❡s❡ ♠❡ss❛❣❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♣r♦❝❡ss pj
t❤❛t r❡♣❧✐❡s t♦ pi✬s r❡q✉❡st ✇❤✐❝❤ ✐s ❡✐t❤❡r ❡q✉❛❧ t♦ pk ♦r ✐♥ ✐ts t✉r♥ ❤❛s r❡❝❡✐✈❡❞
❛ r❡♣❧② ❢r♦♠ pk t♦ ✐ts ❧❛st r❡q✉❡st ❛♥❞ t❤✉s pk ✐s ♥♦t s✉s♣❡❝t❡❞ ♦❢ ❜❡✐♥❣ ❝r❛s❤❡❞
❜② pi✳ ❆❢t❡r r❡❝❡✐✈✐♥❣ ❛t ❧❡❛st ✭|Π| − f✮ r❡♣❧② ♠❡ss❛❣❡s ✭❧✐♥❡ ✸✻✮ ❛♥❞ ❜❛s❡❞ ♦♥
t❤❡ not❴rec❴from s❡ts✱ pi ❝❛♥ ✉♣❞❛t❡ ✐ts ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❢❛✉❧t② ♣r♦❝❡ss❡s✱
✐✳❡✳✱ t❤♦s❡ ♣r♦❝❡ss❡s t❤❛t ❜❡❧♦♥❣ t♦ ❛❧❧ not❴rec❴from s❡ts ♦❢ r❡❝❡✐✈❡❞ ❜② pi ❛t
t✐♠❡ t ✭❧✐♥❡ ✸✽✮✳
❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
✶✵ ❇♦✉✐❧❧❛❣✉❡t✱ ❆r❛♥t❡s ❛♥❞ ❙❡♥s
❋✐♥❛❧❧②✱ ✐♥ ❧✐♥❡s ✸✾✲✹✵✱ ✐❢ pi ✐s ✇❛✐t✐♥❣ t♦ ❡①❡❝✉t❡ t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥✱ t❤❡
r❡❝❡✐✈❡❞ r❡♣❧② ♠❡ss❛❣❡ r❡❝❡✐✈❡❞ ❢r♦♠ pj ❝♦♥t❛✐♥s ❛ ♣❡r♠✐ss✐♦♥ ✭♣❡r♠✮✱ ❛♥❞ pi
❤❛s ♥♦t ❞❡t❡❝t❡❞ t❤❡ ❝r❛s❤ ♦❢ pj ✱ t❤❡ ✈❛r✐❛❜❧❡ perm❴counti ✐s ✐♥❝r❡♠❡♥t❡❞✳
◆♦t✐❝❡ t❤❛t pi ♠✐❣❤t t❛❦❡ s♦♠❡ t✐♠❡ t♦ ❞❡t❡❝t ❛ ❢❛✐❧✉r❡ ♦❢ ❛ ♣r♦❝❡ss s✐♥❝❡
t❤❡ ❞❡t❡❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ r❡q✉❡st✲r❡♣❧② ♠❡ss❛❣❡s ❜✉t t❤❡r❡ ✐s ♥♦ ❢❛❧s❡
s✉s♣✐❝✐♦♥s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ✐t ❝♦♥t✐♥✉♦✉s❧② r❡q✉❡sts t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ❛♥❞ r❡✲
❝❡✐✈❡s ♦t❤❡r ♣r♦❝❡ss❡s r❡q✉❡sts ❡✈❡♥t✉❛❧❧② s✉❝❤ ❛ ❢❛✐❧✉r❡ ✇✐❧❧ ❜❡ ❞❡t❡❝t❡❞ ❜② pi✳
▲❛❝❦✐♥❣ t❤❡ ❡①❛❝t ✈✐❡✇ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦rr❡❝t ♣r♦❝❡ss❡s ♦❢ t❤❡ s②st❡♠ ❢♦r ❛
♣❡r✐♦❞ ♦❢ t✐♠❡ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❜✉t
t❡♠♣♦r❛r✐❧② ♦♥ ✐ts ❡✣❝✐❡♥❝②✿ pi ✇✐❧❧ ❥✉st ♥❡❡❞ t♦ ✇❛✐t ❢♦r ♠♦r❡ r❡♣❧② ♠❡ss❛❣❡s
t❤❛♥ ✐s r❡❛❧❧② ♥❡❝❡ss❛r② ❛s ❧♦♥❣ ❛s ✐t ❞♦❡s ♥♦t ❞❡t❡❝t t❤❡ ❢❛✐❧✉r❡✳
✹✳✷ ❙❦❡t❝❤ ♦❢ Pr♦♦❢
❲❡ st❛rt ❜② ♣r♦✈✐♥❣ t❤❛t ❡✈❡r② ❝r❛s❤ ✐s ❡✈❡♥t✉❛❧❧② ❞❡t❡❝t❡❞ ❜② ❡✈❡r② ❝♦rr❡❝t
♣r♦❝❡ss ❛♥❞ t❤❛t ♥♦ ❝♦rr❡❝t ♣r♦❝❡ss ✐s s✉s♣❡❝t❡❞✳ ❲❡ t❤❡♥ ♣r♦✈❡ t❤❡ s❛❢❡t② ❛♥❞
❧✐✈❡♥❡ss ♣r♦♣❡rt✐❡s ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✳
❚❤❡♦r❡♠ ✶✳ ❊✈❡r② ❝r❛s❤❡❞ ♣r♦❝❡ss ✐s ❡✈❡♥t✉❛❧❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝r❛s❤❡❞ s❡t ♦❢
❛❧❧ ❝♦rr❡❝t ♣r♦❝❡ss❡s✳
Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❛t ❛ ♣r♦❝❡ss pl ❝r❛s❤❡s✳ ❆t t✐♠❡ t ❛❧❧ t❤❡ ♠❡ss❛❣❡s s❡♥t
❜② pl ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❜❡ r❡❝❡✐✈❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ❝♦rr❡❝t r❡❝❡✐✈❡rs✱ ✐✳❡✳✱ ❛❢t❡r t✱
♥♦ ♣r♦❝❡ss ✇✐❧❧ r❡❝❡✐✈❡ ❛ r❡♣❧② ♠❡ss❛❣❡ ❢r♦♠ pl t♦ ✐ts q✉❡r②✳
❆s ♣r♦❝❡ss❡s ❡①❡❝✉t❡ t❤❡✐r ❘❡q✉❡st❴r❡s♦✉r❝❡✭✮ ♣r♦❝❡❞✉r❡ ♣❡r✐♦❞✐❝❛❧❧② ❛♥❞
❞✉❡ t♦ ▲❡♠♠❛ ✸ ✭❧✐✈❡♥❡ss✮✱ t❤❡r❡ ✐s ❛ t✐♠❡ t
′
✇❤❡♥ pl ✐s ✐♥❝❧✉❞❡❞ ✐♥ not❴rec❴from
s❡ts ✭❧✐♥❡ ✸✼✮ ♦❢ ❛❧❧ ❝♦rr❡❝t ♣r♦❝❡ss❡s✳ ❍❡♥❝❡✱ ❛❧❧ s✉❜s❡q✉❡♥t r❡♣❧② ♠❡ss❛❣❡s r❡✲




✇✐❧❧ ✐♥❝❧✉❞❡ pl ✐♥
t❤❡ not❴rec❴fromj s❡t ♦❢ t❤❡s❡ ♠❡ss❛❣❡s ✭❧✐♥❡ ✸✸✮✳ ❯♣♦♥ ❡①❡❝✉t✐♦♥ ♦❢ ❧✐♥❡ ✸✽✱
♣r♦❝❡ss pl ✇✐❧❧ t❤❡♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ crashedi s❡t ♦❢ ♣r♦❝❡ss pi✳ ❚❤✉s✱ ❛❧❧
❝♦rr❡❝t ♣r♦❝❡ss❡s ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❤❛✈❡ pl ✐♥ ✐ts crashed s❡t✳
▲❡♠♠❛ ✶✳ ◆♦ ❝♦rr❡❝t ♣r♦❝❡ss ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❛♥② crashed s❡t✳
Pr♦♦❢✳ ▲❡t pl ❜❡ ❛ ❝♦rr❡❝t ♣r♦❝❡ss✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❝♦rr❡❝t ♣r♦❝❡ss pl ✐s ✐♥✲
❝❧✉❞❡❞ ✐♥ t❤❡ ❝r❛s❤❡❞ s❡t ♦❢ ♣r♦❝❡ss❡s✳ ■❢ t❤✐s ❤❛♣♣❡♥❡❞ ✐t ✐s ❜❡❝❛✉s❡ ❛t ❧❡❛st ♦♥❡
♣r♦❝❡ss✱ pi✱ ❤❛s ❡①❡❝✉t❡❞ ❧✐♥❡ ✸✽ ❛♥❞ ❤❛s ❛❞❞❡❞ pl t♦ ✐ts crashedi✳ ▼♦r❡♦✈❡r✱
✐♥ t❤✐s ❝❛s❡✱ pi ❤❛s r❡❝❡✐✈❡❞ ❛t ❧❡❛st (|Π| − f) r❡♣❧✐❡s ♠❡ss❛❣❡s t♦ ✐ts ❧❛st r❡✲
q✉❡st ❛♥❞ pl ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ not❴rec❴from ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ r❡♣❧② ♠❡ss❛❣❡s✳
❍♦✇❡✈❡r✱ t❤❡ RP ❡♥s✉r❡s t❤❛t s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❡①❡❝✉t✐♦♥✱
t❤❡r❡ ✐s ❛ s❡t ♦❢ ❛t ❧❡❛st f + 1 ♣r♦❝❡ss❡s s✉❝❤ t❤❛t ❡✈❡r② ♣r♦❝❡ss pj ♦❢ t❤✐s s❡t
❛❧✇❛②s r❡❝❡✐✈❡❞ ❛ r❡♣❧② ♠❡ss❛❣❡ ❢r♦♠ pl t♦ ✐ts q✉❡r② ✉♥t✐❧ pj ♣♦ss✐❜❧② ❝r❛s❤❡s✳
❚❤✉s✱ ❛♠♦♥❣ t❤❡ r❡♣❧✐❡s r❡❝❡✐✈❡❞ ❜② pi t❤❡r❡ ✐s ❛❧✇❛②s ❛t ❧❡❛st ♦♥❡ ✇❤✐❝❤ ❞♦❡s
♥♦t ✐♥❝❧✉❞❡ pl ✐♥ ✐ts r❡s♣❡❝t✐✈❡ not❴rec❴from s❡t✳ ❈♦♥s❡q✉❡♥t❧②✱ ❧✐♥❡ ✸✽ ❝♦✉❧❞
♥♦t ❤❛✈❡ ❜❡❡♥ ❜❡✐♥❣ ❡①❡❝✉t❡❞ ❛♥❞ pl ✇✐❧❧ ♥❡✈❡r ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛ crashed s❡t ♦❢
❛ ♣r♦❝❡ss✳
▲❡♠♠❛ ✷ ✭❙❛❢❡t②✮✳ ◆♦ ♠♦r❡ t❤❛♥ k ♣r♦❝❡ss❡s ❡①❡❝✉t❡ t❤❡ ❈❙ ❛t t❤❡ s❛♠❡ t✐♠❡✳
Pr♦♦❢✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t ♠♦r❡ t❤❛♥ k ♣r♦❝❡ss❡s ❝❛♥ ❜❡ ✐♥ t❤❡ ❈❙ ❛t t❤❡
s❛♠❡ t✐♠❡✳ ❆ss✉♠❡ t❤❛t ❛t t✐♠❡ t✱ m > k ♥♦❞❡s ❛r❡ ❡①❡❝✉t✐♥❣ t❤❡ ❈❙✳ ▲❡t t❤❡
■◆❘■❆
❆ ❚✐♠❡r✲❢r❡❡ ❋❛✉❧t ❚♦❧❡r❛♥t K✲▼✉t✉❛❧ ❊①❝❧✉s✐♦♥ ❆❧❣♦r✐t❤♠ ✶✶
♣❛✐rs (Hi, i) = ✭❧♦❣✐❝❛❧ ❝❧♦❝❦✱ ♥♦❞❡ ✐❞❡♥t✐✜❝❛t✐♦♥✮✱ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ r❡q✉❡st
♠❡ss❛❣❡s✱ ❜❡ t❤❡ s❡q✉❡♥❝❡ ✉s❡❞ ❜② t❤❡ m ♥♦❞❡s t♦ ❣❛✐♥ ❛❝❝❡ss t♦ t❤❡ ❈❙✳
❚❤❡s❡ ♣❛✐rs ❞❡✜♥❡ ❛ t♦t❛❧ ♦r❞❡r✳ ❍❡♥❝❡✱ t❤❡ ♥♦❞❡s ✐♥ ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ❛r❡ ❧❛✲
❜❡❧❡❞ ✇✐t❤ p1, . . . , pk, pk+1, . . . , pm s✉❝❤ t❤❛t (Hp1 , p1) < . . . < (Hpk , pk) <
(Hpk+1 , pk+1) < . . . < (Hpm , pm)✳ ❈♦♥s✐❞❡r t❤❛t pk+1 ✐s ❜❧♦❝❦❡❞ ❛t ❧✐♥❡ ✶✺ ❛♥❞
♦♥❧② ♦♥❡ ♣❡r♠✐ss✐♦♥ ✐s ♠✐ss✐♥❣ t♦ pk+1 t♦ ❡♥t❡r t❤❡ ❈❙✱ ✐✳❡✳✱ perm❴countpk+1 =
|Π− crashedpk+1 | − k − 1✳ ❚❤✉s✱ ✐❢ ✐t ❡①❡❝✉t❡❞ ❧✐♥❡ ✶✻✱ ❡✐t❤❡r pk+1 r❡❝❡✐✈❡❞ t❤❡
♠✐ss✐♥❣ ♣❡r♠✐ss✐♦♥ ♦r ✐t ❛❞❞❡❞ ❛ ♣r♦❝❡ss t♦ ✐ts crashedpk+1 s❡t✳
▲❡t✬s ❡①❛♠✐♥❡ t❤❡ ✜rst ❝❛s❡✳ ■♥ ♦r❞❡r t♦ ❡♥t❡r t❤❡ ❈❙✱ pk+1 ❤❛s r❡❝❡✐✈❡❞
(|Π− crashedpk+1 |−k) r❡♣❧② ♠❡ss❛❣❡s✱ ✐✳❡✳✱ ❛t ♠♦st k−1 ♥♦❞❡s ❞✐❞ ♥♦t s❡♥❞ ❛
r❡♣❧② ♠❡ss❛❣❡ t♦ pk+1✳ ❚❤✉s✱ ❛♠♦♥❣ t❤❡ k ♥♦❞❡s p1, . . . , pk ✐♥ ❈❙ ♦♥❡ ♦❢ t❤❡♠✱
pX(≤k)✱ s❡♥t ❛ r❡♣❧② t♦ pk+1✳ ❈♦♥s✐❞❡r t❤❡ r❡❝❡♣t✐♦♥ ♦❢ t❤❡ r❡q✉❡st ♠❡ss❛❣❡
t✐♠❡st❛♠♣❡❞ ✇✐t❤ t❤❡ (Hpk+1 , pk+1) ❜② pX ✳ ❋♦✉r s✉❜❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✿
❼ ❙✉❜❝❛s❡ ✶✳ pX ✐s ✐♥ t❤❡ st❛t❡ not❴requesting✳ ❯♣♦♥ r❡❝❡✐✈✐♥❣ t❤❡ r❡✲
q✉❡st♠❡ss❛❣❡✱ HpX ❜❡❝♦♠❡s≥ Hpk+1 ✭❧✐♥❡ ✷✷✮✳ ❈♦♥s❡q✉❡♥t❧②✱ (HpX , pX) >
(Hpk+1 , pk+1)✳ ❍❡♥❝❡✱ pX ❝♦✉❧❞ ♥♦t ❜❡ ✐♥ t❤❡ CS ❛t t✐♠❡ t ✇✐t❤ (HpX , pX) <
(Hpk+1 , pk+1)
❼ ❙✉❜❝❛s❡ ✷✳ pX ✐s ✐♥ t❤❡ CS st❛t❡✳ ■♥ t❤✐s ❝❛s❡✱ pX ✇♦✉❧❞ ♥♦t s❡♥❞ ❛ r❡♣❧②
♠❡ss❛❣❡ ✇✐t❤ ✐ts ♣❡r♠✐ss✐♦♥ t♦ pk+1✳
❼ ❙✉❜❝❛s❡ ✸✳ pX ✐s ✐♥ t❤❡ st❛t❡ requesting✳ ❚✇♦ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✿
✕ (HpX , pX) < (Hpk+1 , pk+1)✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ ❙✉❜❝❛s❡ ✶✳
✕ (HpX , pX) > (Hpk+1 , pk+1)✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ ❙✉❜❝❛s❡ ✷✳
❼ ❙✉❜❝❛s❡ ✹✳ px ❝r❛s❤❡s✳ ❖❜✈✐♦✉s❧② ✐t ❝❛♥ ♥♦t r❡♣❧② t♦ pk+1✳
❚❤✉s✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡ ❢♦r ❛♥② ♥♦❞❡ pX(≤k) t♦ r❡♣❧② t♦ t❤❡ r❡q✉❡st ♦❢ ♥♦❞❡ pk+1✳
◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦❞❡ pk+1 ❡♥t❡r❡❞ t❤❡ ❈❙ t❤❛♥❦s t♦ t❤❡
❛❞❞✐t✐♦♥ ♦❢ ❛ ♥♦❞❡ py t♦ ✐ts crashedpk+1 s❡t✳ py ❝❛♥♥♦t ❜❡ ♦♥❡ ♦❢ t❤❡ k ♥♦❞❡s ✐♥
t❤❡ ❈❙ ❛t t✐♠❡ t s✐♥❝❡ t❤✐s ✇✐❧❧ ♠❡❛♥ t❤❛t t❤✐s ♥♦❞❡ ❤❛s r❡❛❧❧② ❝r❛s❤❡❞ ✭❧❡♠♠❛
✶✮ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s t❤❛t p1, . . . , pk ❛r❡ ✐♥ ❈❙ ❛t t✐♠❡ t✳ ◆❡✐t❤❡r
❝❛♥ ♥♦❞❡ py ❜❡ ♦♥❡ ♦❢ t❤❡ |Π−crashedpk+1 |−k−1 ♥♦❞❡s t❤❛t ❤❛s ❛❧r❡❛❞② ❣✐✈❡♥
✐ts ♣❡r♠✐ss✐♦♥ t♦ pk+1 s✐♥❝❡ ❧✐♥❡ ✷✹ ♣r❡✈❡♥ts pk+1 t♦ ❝♦♥s✐❞❡r py ❛s ❝r❛s❤❡❞ ✐❢
✐t ❤❛s r❡❝❡✐✈❡❞ ❛ ♣❡r♠✐ss✐♦♥ ❢r♦♠ ✐t ✐♥ t❤❡ ❝✉rr❡♥t r❡q✉❡st✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ py
✐s ❛❞❞❡❞ t♦ crashedpk+1 ✱ ✐t ❝❛♥♥♦t ❜❡ ♦♥❡ ♦❢ t❤❡ |crashedpk+1 | ♥♦❞❡s ❛❧r❡❛❞②
✐♥ t❤✐s s❡t✳ ❚❤✉s✱ t❤❡ ♦♥❧② r❡♠❛✐♥✐♥❣ ❝❛s❡ ✇♦✉❧❞ ❜❡ py = pk+1 ✇❤✐❝❤ ✐s ♥♦t
♣♦ss✐❜❧❡ s✐♥❝❡ pk+1 ✐s ♥♦t ❝r❛s❤❡❞ ❛t t✐♠❡ t ❜② ❤②♣♦t❤❡s✐s✳
▲❡♠♠❛ ✸ ✭▲✐✈❡♥❡ss✮✳ ■❢ ❛ ❝♦rr❡❝t ♣r♦❝❡ss r❡q✉❡sts t♦ ❡①❡❝✉t❡ t❤❡ ❈❙✱ t❤❡♥ ❛t
s♦♠❡ t✐♠❡ ❧❛t❡r t❤❡ ♣r♦❝❡ss ❡①❡❝✉t❡s ✐t✳
Pr♦♦❢✳ ■♥ ❆❧❣♦r✐t❤♠ ✶✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ wait ❝❧❛✉s❡ ✭❧✐♥❡ ✶✺✮ t❤❛t ❝❛♥ ❜❧♦❝❦
t❤❡ ❡①❡❝✉t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❣♦ ♦♥ ❡①❡❝✉t✐♥❣✱ ❛ ❝♦rr❡❝t ♣r♦❝❡ss pi ♠✉st ❣❛t❤❡r
(|Π − crashedi| − k) ♣❡r♠✐ss✐♦♥s✳ ❚❤❡ ♣❛✐r ✭❧♦❣✐❝❛❧ ❝❧♦❝❦✱ ♥♦❞❡✬s ✐❞❡♥t✐✜❝❛t✐♦♥✮
✉s❡❞ t♦ ✐❞❡♥t✐❢② ❛❧❧ r❡q✉❡sts ❞❡✜♥❡ ❛ t♦t❛❧ ♦r❞❡r ❢♦r t❤❡ r❡q✉❡sts✳ ❚❤✉s✱ ❛♠♦♥❣
❛❧❧ t❤❡ r❡q✉❡sts ♥♦t ②❡t s❛t✐s✜❡❞ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ r❡q✉❡st t❤❛t ❤❛s t❤❡ ❤✐❣❤❡st
♣r✐♦r✐t② ♦✈❡r t❤❡ ♦t❤❡r ♦♥❡s✳
❆t ❛♥② ♠♦♠❡♥t✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦rr❡❝t ♣r♦❝❡ss❡s ✐s ❛t ❧❡❛st (|Π|−f)✳ ❈♦♥s✐❞❡r
t❤❡ ♣r♦❝❡ss pl ✇❤♦s❡ r❡q✉❡st ❤❛s t❤❡ ❤✐❣❤❡st ✭Hl, pl✮✳ ❆❧❧ ❝♦rr❡❝t ♣r♦❝❡ss❡s
❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾
✶✷ ❇♦✉✐❧❧❛❣✉❡t✱ ❆r❛♥t❡s ❛♥❞ ❙❡♥s
✇❤✐❝❤ ❛r❡ ❡✐t❤❡r ✐♥ t❤❡ r❡q✉❡st✐♥❣ ♦r ✐♥ t❤❡ ♥♦t r❡q✉❡st✐♥❣ st❛t❡ ✇✐❧❧ s❡♥❞ ❛
r❡♣❧② ♠❡ss❛❣❡ t♦ pl ❣✐✈✐♥❣ ✐ts ♣❡r♠✐ss✐♦♥ ✭❧✐♥❡ ✸✷✮✳ ■❢ t❤❡r❡ ❛r❡ ❧❡ss t❤❛♥ k
♣r♦❝❡ss❡s ❡①❡❝✉t✐♥❣ t❤❡ ❈❙✱ pl ❤❛s ❣❛t❤❡r❡❞ s✉✣❝✐❡♥t ♣❡r♠✐ss✐♦♥s s✐♥❝❡ f < k
❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣❡r♠✐ss✐♦♥ r❡❝❡✐✈❡❞ ❢r♦♠ t❤♦s❡ ♣r♦❝❡ss❡s ✐s ❣r❡❛t❡r t❤❛♥
|Π − crashedpl | − k✳ ❚❤✉s✱ pl ✇✐❧❧ ❡①❡❝✉t❡ ❧✐♥❡ ✶✻✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡r❡
❛r❡ k ♣r♦❝❡ss❡s ✐♥ t❤❡ ❈❙✱ pl ✇✐❧❧ ♥❡❡❞ t♦ ✇❛✐t ❢♦r ❛ ♣❡r♠✐ss✐♦♥ ❢r♦♠ ♦♥❡ ♦❢ t❤❡s❡
♣r♦❝❡ss❡s✳ ■❢ pl ❞❡t❡❝ts t❤❡ ❝r❛s❤ ♦❢ ♦♥❡ ♦❢ t❤❡ k ♣r♦❝❡ss❡s ❛♥❞ s✐♥❝❡ t❤❡r❡ ✐s ♥♦
❢❛❧s❡ s✉s♣✐❝✐♦♥ ✭❧❡♠♠❛ ✶✮✱ ✐t ❝❛♥ ❡♥t❡r t❤❡ ❈❙✳ ❖t❤❡r✇✐s❡✱ s✐♥❝❡ f < k✱ ❛t ❧❡❛st
♦♥❡ ♦❢ t❤❡♠ ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❡①✐t t❤❡ ❈❙ ❛♥❞ pl ✇✐❧❧ t❤❡♥ ❡①❡❝✉t❡ ❧✐♥❡ ✶✻✳
❖♥❝❡ pl ❡①✐ts t❤❡ ❈❙✱ t❤❡ ♣r♦❝❡ss✬s r❡q✉❡st ✇❛s s❛t✐s✜❡❞ ❛♥❞ ✇✐❧❧ ♥♦t ❜❡
❝♦♥s✐❞❡r❡❞ ❛♥②♠♦r❡✳ ❙✐♥❝❡ r❡q✉❡sts ❛r❡ t♦t❛❧❧② ♦r❞❡r❡❞ ❜② t❤❡ ♣❛✐r ✭❧♦❣✐❝❛❧
❝❧♦❝❦✱♥♦❞❡✬s ✐❞❡♥t✐✜❝❛t✐♦♥✮✱ ❡❛❝❤ ♦❢ t❤❡♠ ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❤❛✈❡ t❤❡ ❤✐❣❤❡st ♣r✐♦r✲
✐t②✱ ♦❜t❛✐♥✐♥❣ t❤❡♥ r✐❣❤t t♦ ❡①❡❝✉t❡ t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥✳
❚❤❡♦r❡♠ ✷✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✶ s♦❧✈❡s t❤❡ ❢❛✉❧t t♦❧❡r❛♥t k✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛♥❞
t♦❧❡r❛t❡s f < k ❢❛✐❧✉r❡s ✇❤❡♥ t❤❡ ✉♥❞❡r❧②✐♥❣ s②st❡♠ s❛t✐s✜❡s t❤❡ ❘❡s♣♦♥s✐✈❡♥❡ss
♣r♦♣❡rt② ✭RP✮✳
✺ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥
❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s ❛ s❡t ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥ r❡s✉❧ts ❛✐♠❡❞ ❛t ❝♦♠✲
♣❛r✐♥❣ t❤❡ ❜♦t❤ ♦✉r ❢❛✉❧t t♦❧❡r❛♥t ❡①t❡♥s✐♦♥ ♦❢ ❘❛②♠♦♥❞❡✬s ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡
♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠✳
❆s ❡①♣❧❛✐♥❡❞ ❜❡❢♦r❡✱ ✐♥ ❘❛②♠♦♥❞✬s ❛❧❣♦r✐t❤♠ ✇❤❡♥ ❛ ♥♦❞❡ ✇❛♥ts t♦ ❛❝❝❡ss
♦♥❡ ♦❢ t❤❡ k ✉♥✐ts ♦❢ t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡✱ ✐t ❜r♦❛❞❝❛sts ❛ ♠❡ss❛❣❡ t♦ t❤❡ ♦t❤❡r
|Π| − 1 ♥♦❞❡s ♦❢ t❤❡ s②st❡♠✳ ■t ❝❛♥ ♦♥❧② ❛❝❝❡ss ✐t ❛❢t❡r ❤❛✈✐♥❣ ❣❛t❤❡r❡❞ |Π| − k
r❡♣❧② ♠❡ss❛❣❡s✳ ❈♦♥tr❛r✐❧② t♦ ♦✉r ❛❧❣♦r✐t❤♠✱ s❡✈❡r❛❧ ♣❡r♠✐ss✐♦♥s ❞❡❢❡rr❡❞ ❜②
pi t♦ pj ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ r❡♣❧② ♠❡ss❛❣❡ ✇❤✐❝❤ ✐s t❤❡♥ s❡♥t t♦ pj
✇❤❡♥ pi r❡❧❡❛s❡s ✐ts ❝✉rr❡♥t ❝r✐t✐❝❛❧ s❡❝t✐♦♥✳ ❊✈❡♥ ✐❢ ❘❛②♠♦♥❞✬s ❛❧❣♦r✐t❤♠ ❞♦❡s
♥♦t ❡①♣❧✐❝✐t❧② ❝♦♥s✐❞❡r ❢❛✐❧✉r❡ ♦❢ ♥♦❞❡s✱ t❤❡ ❢❛❝t t❤❛t ✐t ❞♦❡s ♥♦t ♥❡❡❞ t♦ ✇❛✐t
❢♦r ❛ ♣❡r♠✐ss✐♦♥ ❢r♦♠ ❛❧❧ t❤❡ ♣❛rt✐❝✐♣❛♥ts ✐♠♣❧✐❝✐t❧② r❡♥❞❡rs ✐t ❢❛✉❧t t♦❧❡r❛♥t t♦
s♦♠❡ ❡①t❡♥t✿ ❛ ❝r❛s❤❡❞ ♥♦❞❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♥♦❞❡ t❤❛t ❞✐❞ ♥♦t ❣✐✈❡ ✐ts
♣❡r♠✐ss✐♦♥✳ ■t t♦❧❡r❛t❡s ✉♣ t♦ k−1 ❢❛✉❧ts✱ ✐✳❡✳✱ ✐❢ f = k−1 ♥♦❞❡s ✇❡r❡ ❝r❛s❤❡❞✱ ❛
♥♦❞❡ ❛s❦✐♥❣ t♦ ❡①❡❝✉t❡ ❛ ❈❙ ✇♦✉❧❞ st✐❧❧ ❣❡t ✐t✳ ❍♦✇❡✈❡r✱ ❡❛❝❤ ❝r❛s❤ r❡❞✉❝❡s t❤❡
❡✣❝✐❡♥❝② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡s t❤❛t ❝❛♥ ❝♦♥❝✉rr❡♥t❧②
❡①❡❝✉t❡ t❤❡ ❈❙ ❞❡❝r❡❛s❡s ❜② ♦♥❡✳
✺✳✶ ❊♥✈✐r♦♥♠❡♥t ❛♥❞ P❛r❛♠❡t❡rs
❚❤❡ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ❝♦♥❞✉❝t❡❞ ♦♥ ❛ ❞❡❞✐❝❛t❡❞ ♠❛❝❤✐♥❡ ✇✐t❤ ❛ ✷✳✻✻❍③ ❈P❯
❛♥❞ ✷●❇ ♦❢ ❘❆▼✱ r✉♥♥✐♥❣ ▲✐♥✉①✳ ❚❤❡ ❛❧❣♦r✐t❤♠s ✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ P❤②✲
t♦♥ ✷✳✻✱ ❛ ❞②♥❛♠✐❝ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ t❤❛t s✉♣♣♦rts ♠✉❧t✐✲
t❤r❡❛❞s✳ ❲❡ s✐♠✉❧❛t❡❞ ❛ ●r✐❞ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♠♣♦s❡❞ ♦❢ ✶✵ ❝❧✉st❡rs ♦❢ ✶✵ ♥♦❞❡s
✇❤❡r❡ ❧❛t❡♥❝✐❡s ❜❡t✇❡❡♥ ♥♦❞❡s ♦❢ ❞✐✛❡r❡♥t ❝❧✉st❡rs ❛r❡ ❛❧✇❛②s ❤✐❣❤❡r t❤❛♥ ❜❡✲
t✇❡❡♥ ♥♦❞❡s ♦❢ t❤❡ s❛♠❡ ❝❧✉st❡r✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐ts ♦❢ t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡
✇❛s ✜①❡❞ t♦ ✶✵✱ ✐✳❡✳✱ k = 10 ❛♥❞ f <= 9✳
❆♥ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②✿
✲ α✿ t✐♠❡ t❛❦❡♥ ❜② ❛ ♥♦❞❡ t♦ ❡①❡❝✉t❡ t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥❀
■◆❘■❆
❆ ❚✐♠❡r✲❢r❡❡ ❋❛✉❧t ❚♦❧❡r❛♥t K✲▼✉t✉❛❧ ❊①❝❧✉s✐♦♥ ❆❧❣♦r✐t❤♠ ✶✸
✲ β✿ ♠❡❛♥ t✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ t❤❡ r❡❧❡❛s❡ ♦❢ t❤❡ ❈❙ ❜② ❛ ♥♦❞❡ ❛♥❞ ❛ ♥❡✇
r❡q✉❡st ❜② t❤✐s s❛♠❡ ♥♦❞❡✳
✲ ρ✿ t❤❡ r❛t✐♦ β/α✱ ✇❤✐❝❤ ❡①♣r❡ss❡s t❤❡ ❢r❡q✉❡♥❝② ✇✐t❤ ✇❤✐❝❤ ❛ ✉♥✐t ♦❢ t❤❡
s❤❛r❡❞ r❡s♦✉r❝❡ ✐s r❡q✉❡st❡❞✳
◆♦t✐❝❡ t❤❛t t❤❡ ❣r❡❛t❡r t❤❡ ✈❛❧✉❡ ♦❢ ρ ✐s✱ t❤❡ s♠❛❧❧❡r ✐s t❤❡ ❢r❡q✉❡♥❝② ♦❢
r❡q✉❡st✳
■♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡tr✐❝s ✇❡r❡ ❝♦♥s✐❞❡r❡❞✿
❼ ♦❜t❛✐♥✐♥❣ t✐♠❡✿ t❤❡ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ ✐♥st❛♥t ❛ ♥♦❞❡ r❡q✉❡sts ❛ ✉♥✐t ♦❢
t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡ ❛♥❞ t❤❡ ✐♥st❛♥t ✐t ❣❡ts ✐t❀
❼ ❈❙ ❜❛♥❞✇✐❞t❤✿ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ❡①❡❝✉t✐♦♥ ♣❡r ✉♥✐t
♦❢ t✐♠❡❀
❼ ❡✣❝✐❡♥❝②✿ t❤❡ ♥✉♠❜❡r ♦❢ s❤❛r❡❞ r❡s♦✉r❝❡✬s ✉♥✐ts t❤❛t ❛r❡ s✐♠✉❧t❛♥❡♦✉s❧②
✐♥ ✉s❡✳
❼ ✇❛✐t✐♥❣ q✉❡✉❡✿ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ♣❡♥❞✐♥❣ r❡q✉❡sts✱ ✐✳❡✳✱ t❤❡ ❛✈❡r❛❣❡
♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡s t❤❛t ❛r❡ ✐♥ t❤❡ r❡q✉❡st✐♥❣ st❛t❡ ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡
❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳
❼ ❢❛✐❧✉r❡ ❞❡t❡❝t✐♦♥ t✐♠❡ ✿ t❤❡ ❛✈❡r❛❣❡ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ ✐♥st❛♥t ❛t ✇❤✐❝❤
t❤❡ ❝r❛s❤ t❛❦❡s ♣❧❛❝❡ ❛♥❞ t❤❡ ✐♥st❛♥t ❛t ✇❤✐❝❤ ❛❧❧ ♥♦❞❡s ❞❡t❡❝t ✐t✳
❊❛❝❤ ❡①♣❡r✐♠❡♥t ✇❛s ❡①❡❝✉t❡❞ ✷✵ t✐♠❡s ❛♥❞ ❡❛❝❤ t❤r❡❛❞ r❡q✉❡st X t✐♠❡s ♦♥❡
✉♥✐t ♦❢ t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡✳ ❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ r❡♣r❡s❡♥t t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡✳
❋♦r ❛♥ ❡①♣❡r✐♠❡♥t✱ ❛❧❧ ♥♦❞❡s ❤❛✈❡ t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ ρ ✇❤✐❧❡ t❤❡ ✈❛❧✉❡ ♦❢ α ✇❛s
✜①❡❞ t♦ ✷s t♦ ❛❧❧ ❡①♣❡r✐♠❡♥ts✳ ❍♦✇❡✈❡r✱ ❢♦r ❛✈♦✐❞✐♥❣ t❤❛t ❛❧❧ ♣r♦❝❡ss❡s ✐ss✉❡
t❤❡✐r r❡q✉❡sts ❛t t❤❡ s❛♠❡ t✐♠❡✱ ✇❡ ❛♣♣❧✐❡❞ ❛ ●❛✉ss✐❛♥ r❡q✉❡st ❞✐str✐❜✉t✐♦♥✳
✺✳✷ P❡r❢♦r♠❛♥❝❡ ❘❡s✉❧ts ✇✐t❤♦✉t ❋❛✐❧✉r❡
■♥ ♦r❞❡r t♦ ✈❛❧✐❞❛t❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♦✉r s✐♠✉❧❛t♦r ❛♥❞ ♠❡s✉r❡ t❤❡ ♦✈❡r❤❡❛❞ t❤❛t
♦✉r ❢❛✉❧t t♦❧❡r❛♥t ❡①t❡♥s✐♦♥ ✐♥tr♦❞✉❝❡s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❘❛②♠♦♥❞✬s ❛❧❣♦r✐t❤♠✱
t❤❡ ♦❜t❛✐♥✐♥❣ t✐♠❡ ❛♥❞ t❤❡ ❈❙ ❜❛♥❞✇✐❞t❤ ✇❡r❡ ♠❡❛s✉r❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡s ✺✳✷
❛♥❞ ✺✳✷ r❡s♣❡❝t✐✈❡❧② ✇❤❡♥ ρ ✐♥❝r❡❛s❡s✳ ◆♦❞❡s ❞♦ ♥♦t ❝r❛s❤✳ ■♥ ♦r❞❡r t♦ ❜❡tt❡r
✉♥❞❡rst❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❜♦t❤ ❝✉r✈❡s✱ ✇❡ ❤❛✈❡ ❛❧s♦ ♠❡❛s✉r❡❞✱ ❋✐❣✉r❡ ✺✳✷✱ t❤❡
s✐③❡ ♦❢ t❤❡ ✇❛✐t✐♥❣ q✉❡✉❡✱ ✐✳❡✳✱ ♥✉♠❜❡r ♦❢ ♣❡♥❞✐♥❣ r❡q✉❡sts ✇❤❡♥ ρ ✈❛r✐❡s✳
❲❡ ❝❛♥ ♦❜s❡r✈❡ ✐♥ ❋✐❣✉r❡ ✺✳✷ t❤❛t t❤❡ ♦❜t❛✐♥✐♥❣ t✐♠❡ ❞❡❝r❡❛s❡s ✇❤❡♥ ρ
✐♥❝r❡❛s❡s ❢♦r ❜♦t❤ ❛❧❣♦r✐t❤♠s✳ ❙✉❝❤ ❛ ❜❡❤❛✈✐♦r ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ s✐♥❝❡ ✇❤❡♥ ρ
✐♥❝r❡❛s❡s✱ t❤❡ ❢r❡q✉❡♥❝② ♦❢ r❡q✉❡st ❞❡❝r❡❛s❡s ❛♥❞ t❤✉s t❤❡ s✐③❡ ♦❢ t❤❡ ✇❛✐t✐♥❣
q✉❡✉❡ ✇❤✐❝❤ ✐s ❝♦♥✜r♠❡❞ ❜② ❋✐❣✉r❡ ✺✳✷✳ ❲❡ ❝❛♥ r❡♠❛r❦ t❤❛t ❢♦r ρ ❣r❡❛t❡r
t❤❛♥ ✾✱ t❤❡ ✇❛✐t✐♥❣ q✉❡✉❡ ✐s ❛❧✇❛②s ❛❧♠♦st ❡♠♣t② ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ❛✈❡r❛❣❡
♦❜t❛✐♥✐♥❣ t✐♠❡ ❞❡♣❡♥❞s ♦♥❧② ♦♥ ♠❡ss❛❣❡ ❧❛t❡♥❝✐❡s ❜❡t✇❡❡♥ ❝❧✉st❡r✱ ✐✳❡✳✱ t❤❡ ❞❡❧❛②
❢♦r s❡♥❞✐♥❣ t❤❡ r❡q✉❡st t♦ r❡♠♦t❡ ♥♦❞❡s ❛♥❞ t♦ r❡❝❡✐✈❡ ❛t ❧❡❛st ♦♥ r❡♣❧② ❢♦r ❡❛❝❤
♦t❤❡r ❝❧✉st❡r ✭✷ s❡❝♦♥❞s ✐♥ ❋✐❣✉r❡ ✺✳✷✮✳
❋♦r ρ s♠❛❧❧❡r t❤❛♥ ✾✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ❡①❡❝✉t✐♦♥ ♣❡r s❡❝♦♥❞
✭❈❙ ❜❛♥❞✇✐❞t❤✮ ❦❡❡♣s ❝♦♥st❛♥t ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✺✳✷ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t
t❤❡ ❢r❡q✉❡♥❝② ♦❢ r❡q✉❡sts ❞❡❝r❡❛s❡s ✇❤❡♥ ρ ✐♥❝r❡❛s❡s✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞
❜❡❝❛✉s❡ ✐♥ t❤✐s ❝❛s❡ t❤❡ ✇❛✐t✐♥❣ q✉❡✉❡ ✐s ♥❡✈❡r ❡♠♣t②✳ ❍❡♥❝❡✱ ✇❤❡♥ ❛ ✉♥✐t ♦❢
t❤❡ s❤❛r❡❞ r❡s♦✉r❝❡ ✐s r❡❧❡❛s❡❞✱ t❤❡r❡ ❡①✐sts ❛❧✇❛②s ❛ ♣❡♥❞✐♥❣ r❡q✉❡st ✇❛✐t✐♥❣
❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾






































































❋✐❣✉r❡ ✸✿ ◆✉♠❜❡r ♦❢ ❈❙ ♣❡r s❡❝♦♥❞ ✈s ρ
■◆❘■❆








































✭❜✮ Pr♦❝❡ss❡s ✐♥ ❈❙ ✈s ❚✐♠❡
❢♦r ✐t✳ ❍♦✇❡✈❡r✱ ❢♦r ρ ❣r❡❛t❡r t❤❛♥ ✾✱ t❤❡ ❈❙ st❛rts ❞❡❝r❡❛s✐♥❣ s✐♥❝❡ t❤❡r❡ ❡①✐sts
♥♦ ♣❡♥❞✐♥❣ r❡q✉❡sts ❛♥❞ t❤❡ ❢r❡q✉❡♥❝② ♦❢ r❡q✉❡sts ❞❡❝r❡❛s❡s ❛s ✇❡❧❧✳
❆♥♦t❤❡r ✐♠♣♦rt❛♥t r❡♠❛r❦ ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤❡ t❤r❡❡ ✜❣✉r❡s ✐s
t❤❛t ♦✉r ❢❛✉❧t t♦❧❡r❛♥t ❡①t❡♥s✐♦♥ ❞♦❡s ❜❡❤❛✈❡s ❧✐❦❡ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ❛♥❞
❞♦❡s ♥♦t ✐♥tr♦❞✉❝❡ ❛ s✐❣♥✐✜❝❛♥t ♦✈❡r❤❡❛❞ ✐♥ t❤❡ ♦❜t❛✐♥✐♥❣ t✐♠❡✱ ♥♦r ❞♦❡s ✐♥ t❤❡
❈❙ ❜❛♥❞✇✐❞t❤✱ ❡✈❡♥ ✐❢ ♦✉r ❛❧❣♦r✐t❤♠ s❡♥❞s ✐♥ ❛✈❡r❛❣❡ ♠♦r❡ ♠❡ss❛❣❡ ♣❡r ❝r✐t✐❝❛❧
s❡❝t✐♦♥ ❡①❡❝✉t✐♦♥ t❤❛♥ ❘❛②♠♦♥❞✬s ♦♥❡✳ ■♥ ♦✉r ❡①♣❡r✐♠❡♥ts s✉❝❤ ❛ ✈❛❧✉❡ ✐s X ❢♦r
❘❛②♠♦♥❞✬s ❛❧❣♦r✐t❤♠ ❛♥❞ Y ❢♦r ♦✉r ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐♥❝r❡❛s❡
♦❢ Z% ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♠❡ss❛❣❡s ♣❡r ❝r✐t✐❝❛❧ s❡❝t✐♦♥✳
✺✳✸ P❡r❢♦r♠❛♥❝❡ ❘❡s✉❧ts ✇✐t❤ ❋❛✐❧✉r❡s
■♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❜♦t❤ ❘❛②♠♦♥❞✬s ❛❧❣♦r✐t❤♠s ❛♥❞ ♦✉r ❛❧❣♦✲
r✐t❤♠✱ ✇❡ ❤❛✈❡ ♠❡❛s✉r❡❞ t❤❡ ♥✉♠❜❡r ♦❢ r❡s♦✉r❝❡✬s ✉♥✐ts t❤❛t ❝❛♥ ❜❡ s✐♠✉❧t❛♥❡✲
♦✉s❧② ✐♥ ✉s❡ ❢♦r ρ = X ❛♥❞ ρ = Y ✳ ❚❤❡ tr✐❛♥❣❧❡s r❡♣r❡s❡♥t ❛ ❝r❛s❤ ✭✉♣ t♦ ✾ ✐♥
♦✉r ❡①♣❡r✐♠❡♥ts✮✳
❲❡ ❝❛♥ ❝❧❡❛r❧② ♦❜s❡r✈❡ ✐♥ ❋✐❣✉r❡ ❄❄ t❤❛t ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ρ✱ ✐♥ ❘❛②♠♦♥❞✬s
❛❧❣♦r✐t❤♠ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❝♦♥❝✉rr❡♥t ❛❝❝❡ss❡s ❞❡❝r❡♠❡♥ts ❜② ♦♥❡ ❛❢t❡r
❡❛❝❤ ❝r❛s❤✳ ❙♦♠❡ t✐♠❡ ❛❢t❡r 9 ❝r❛s❤❡s t❛❦❡ ♣❧❛❝❡✱ ♦♥❧② ♦♥❡ ♣r♦❝❡ss ❝❛♥ ❜❡ ✐♥
t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥ ❛t ❛ ❣✐✈❡♥ t✐♠❡✱ ✐✳❡✳✱ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❞r♦♣s
❢r♦♠ ✾ t♦ ✶✳ ◆♦t✐❝❡ t❤❛t ❛❢t❡r ❛ ❝r❛s❤ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡s ✐♥ ❈❙ ❞♦❡s
♥♦t ❞r♦♣ ✐♠♠❡❞✐❛t❡❧② s✐♥❝❡ s♦♠❡ ♣r♦❝❡ss❡s ✇❡r❡ ❛❧r❡❛❞② ✐♥ t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥
❜❡❢♦r❡ t❤❡ ❝r❛s❤✳ ❍♦✇❡✈❡r✱ ✐♥ ❋✐❣✉r❡ ❄❄ ❢♦r ❜♦t❤ ρs✱ ❛❢t❡r t❤❡ ✾ ❝r❛s❤❡s t❤❡
♥✉♠❜❡r ♦❢ s❤❛r❡❞ r❡s♦✉r❝❡ ✉♥✐ts ✐♥ ✉s❡ st❛rts ❣♦✐♥❣ ✉♣ ❛♥❞ ❛t ✷✵✵s t❤✐s ♥✉♠❜❡r
✐s r❡❡st❛❜❧✐s❤❡❞ t♦ ✾✳ ❚❤❡ ❣r❛❞✉❛❧ ❞❡❝r❡❛s✐♥❣ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡
❝✉r✈❡s ✐s ❞✉❡ t♦ t❤❡ ❢❛✐❧✉r❡ ❞❡t❡❝t✐♦♥ t✐♠❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✿ ❛ ♣r♦❝❡ss
t❛❦❡s s♦♠❡ t✐♠❡ t♦ ❞❡t❡❝t ❛ ❢❛✐❧✉r❡ ✇❤✐❝❤ ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❝r❛s❤❡s✳
❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ ❝r❛s❤ ✐♥❢♦r♠❛t✐♦♥ ✐s ❛❧s♦ s♣r❡❛❞ ✇❤❡♥ ❛ ♥♦❞❡ ❜r♦❛❞❝❛sts ❛
r❡q✉❡st ✭❧✐♥❡ ✶✹ ♦❢ ❆❧❣♦r✐t❤♠ ✶✮✱ t❤❡ ❧♦✇❡r ρ ✐s✱ t❤❡ ❢❛st❡r t❤❡ ♦t❤❡r ♥♦❞❡s ✇✐❧❧
✉♣❞❛t❡ t❤❡✐r ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t ❝r❛s❤❡s✳
❘❘ ♥➦ ✵✶✷✸✹✺✻✼✽✾






























❋✐❣✉r❡ ✹✿ ❆✈❡r❛❣❡✱ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ❢❛✐❧✉r❡ ❞❡t❡❝t✐♦♥ t✐♠❡ ❢♦r ❛ ♥✉♠❜❡r
♦❢ ❝r❛❤s❡s
✻ ❘❡❧❛t❡❞ ❲♦r❦
❙❡✈❡r❛❧ ❛✉t❤♦rs ❤❛✈❡ ♣r♦♣♦s❡❞ ❢❛✉❧t✲t♦❧❡r❛♥t ❡①t❡♥s✐♦♥s ❜♦t❤ t♦ t♦❦❡♥✲❜❛s❡❞
❬◆▲▼✾✵❪✱❬▼❙✾✹❪✱❬❈❙▲✾✵❪ ❛♥❞ ♣❡r♠✐ss✐♦♥✲❜❛s❡❞ 1✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠s
❬❆❆✾✶❪✱❬❈❙❘✾✾❪✳ ❚❤❡ ❧❛tt❡r ✉s✉❛❧❧② ✉s❡ ❛ q✉♦r✉♠ ❛♣♣r♦❛❝❤✳
▲✐❦❡ ❘❛②♠♦♥❞✬s ❬❘❛②✽✾❪ ❛❧❣♦r✐t❤♠✱ ❙r✐♠❛♥✐ ❛♥❞ ❘❡❞❞② ❬❙❘✾✷❪ ❦✲♠✉t✉❛❧ ❡①✲
❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠ ✐♥❤❡r❡♥t❧② s✉♣♣♦rt ❢❛✐❧✉r❡s✳ ■t ✐s ❜❛s❡❞ ♦♥ ❙✉③✉❦✐ ❛♥❞ ❑❛s❛♠✐✬s
❛❧❣♦r✐t❤♠ ❬❙❑✽✺❪ ❛♥❞ ❝♦♥tr♦❧s k t♦❦❡♥s✳ ■❢ ❛ ♥♦❞❡ ❤♦❧❞s ♦♥❡ ♦❢ t❤❡ k t♦❦❡♥s✱
✐t ❝❛♥ ❡♥t❡r t❤❡ ❝r✐t✐❝❛❧ s❡❝t✐♦♥✳ ❊✈❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ❞♦ ♥♦t ❡①♣❧✐❝✐t❧② ❝♦♥s✐❞❡rs
❢❛✐❧✉r❡ ♦❢ ♥♦❞❡s✱ t❤❡ ❢❛❝t t❤❛t ✐t ❦❡❡♣s k t♦❦❡♥s ✐♠♣❧✐❝✐t❧② r❡♥❞❡rs ✐t ❢❛✉❧t t♦❧❡r❛♥t
t♦ s♦♠❡ ❡①t❡♥t✳ ❍♦✇❡✈❡r✱ ❡❛❝❤ ❝r❛s❤ r❡❞✉❝❡s t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠
s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡s t❤❛t ❝❛♥ ❝♦♥❝✉rr❡♥t❧② ❡①❡❝✉t❡ t❤❡ ❈❙ ❞❡❝r❡❛s❡s
❜② ♦♥❡✳
■♥ ❬❇❆❙✵✽❪✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛♥ ❡①t❡♥s✐♦♥ t♦ ❘❛②♠♦♥❞✬s ❛❧❣♦r✐t❤♠ ✐♥ ♦r❞❡r
t♦ ❜♦t❤ t♦❧❡r❛t❡ ✉♣ t♦ N−1 ♥♦❞❡ ❝r❛s❤❡s ❛♥❞ ❛✈♦✐❞ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❞❡❣r❛❞❡s
✇❤❡♥ ❢❛✐❧✉r❡ ♦❝❝✉rs✱ ✐✳❡✳✱ t♦ ❡♥s✉r❡ t❤❛t ✐t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ k ♣r♦❝❡ss❡s
✐♥ t❤❡ ❈❙ s✐♠✉❧t❛♥❡♦✉s❧②✱ ❞❡s♣✐t❡ ❢❛✐❧✉r❡s✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❤❛✈❡ ♠❛❞❡ ✉s❡ ♦❢
t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜② ✉♥r❡❧✐❛❜❧❡ ❢❛✐❧✉r❡ ❞❡t❡❝t♦rs ♦❢ ❝❧❛ss T ❬❉●❋●❑✵✺❪
s✐♥❝❡ ✐t ✐s t❤❡ ✇❡❛❦❡st ♦♥❡ t♦ s♦❧✈❡ t❤❡ ❢❛✉❧t✲t♦❧❡r❛♥t ✶✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ♣r♦❜❧❡♠✳
❍♦✇❡✈❡r✱ t❤❡ ❞r❛✇❜❛❝❦ ♦❢ ♦✉r s♦❧✉t✐♦♥ ✐s t❤❡ ♦✈❡r❤❡❛❞ ✐♥ t❡r♠s ♦❢ ♥✉♠❜❡r ♦❢
♠❡ss❛❣❡s t❤❛t t❤❡ ❢❛✐❧✉r❡ ❞❡t❡❝t♦r T ✐♥❝✉rs✳
❚❤❡ ♠❛❥♦r✐t② ♦❢ ❢❛✉❧t✲t♦❧❡r❛♥t ♣❡r♠✐ss✐♦♥✲❜❛s❡❞ k✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❢♦✉♥❞ ✐♥
t❤❡ ❧✐t❡r❛t✉r❡ ✉s❡ q✉♦r✉♠s ❬❍❏❑✾✸❪✱❬❏❍❑✾✼❪✱❬❈❈✾✼❪✱❬❑❋❨❆✾✸❪✱❬◆▼✾✹❪✳ ❙♦♠❡
♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❡①♣❧♦✐t t❤❡ k✲❝♦t❡r✐❡s ❛♣♣r♦❛❝❤ ❬❏❍❑✾✼❪✱❬◆▼✾✹❪✱❬❑❋❨❆✾✸❪✳
■♥❢♦r♠❛❧❧②✱ ❛ k✲❝♦t❡r✐❡ ✐s ❛ s❡t ♦❢ ♥♦❞❡ q✉♦r✉♠s✱ s✉❝❤ t❤❛t ❛♥② ✭❦✰✶✮ q✉♦r✉♠s
❝♦♥t❛✐♥ ❛ ♣❛✐r ♦❢ q✉♦r✉♠s ✐♥t❡rs❡❝t✐♥❣ ❡❛❝❤ ♦t❤❡r✳ ❆ ♣r♦❝❡ss ❝❛♥ ❡♥t❡r ❛ ❝r✐t✐❝❛❧
s❡❝t✐♦♥ ✇❤❡♥❡✈❡r ✐t r❡❝❡✐✈❡s ♣❡r♠✐ss✐♦♥ ❢r♦♠ ❡✈❡r② ♣r♦❝❡ss ✐♥ ❛ q✉♦r✉♠✳ ❚❤❡
❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❛ ❝♦t❡r✐❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ q✉♦r✉♠ ❝❛♥ ❜❡
s✉❝❝❡ss❢✉❧❧② ❢♦r♠❡❞ ❛♥❞ ✐t ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❞❡❣r❡❡ ♦❢ ❢❛✉❧t t♦❧❡r❛♥❝❡ t❤❛t
t❤❡ ❛❧❣♦r✐t❤♠ s✉♣♣♦rts✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❈❤❛♥❣ ❡t✳ ❛❧ ♣r♦♣♦s❡ ✐♥ ❬❈❈✾✼❪
❛♥ ❡①t❡♥❞❡❞ ❜✐♥❛r② tr❡❡ q✉♦r✉♠ ❢♦r k✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ✇❤✐❝❤ ✐♠♣♦s❡s ❛ ❧♦❣✐❝❛❧
str✉❝t✉r❡ t♦ t❤❡ ♥❡t✇♦r❦ ❛♥❞ t♦❧❡r❛t❡s ✐♥ t❤❡ ❜❡st ❝❛s❡ ✉♣ t♦ (n−k∗(log2(2n/k)))
♥♦❞❡ ❢❛✐❧✉r❡s✳ ❆❧t❤♦✉❣❤ q✉♦r✉♠✲❜❛s❡❞ ❛❧❣♦r✐t❤♠s ❛r❡ r❡s✐❧✐❡♥t t♦ ♥♦❞❡ ❢❛✐❧✉r❡s
❛♥❞✴♦r ♥❡t✇♦r❦ ♣❛rt✐t✐♦♥✐♥❣✱ t❤❡ ❞r❛✇❜❛❝❦ ♦❢ s✉❝❤ ❛♣♣r♦❛❝❤ ✐s t❤❡ ❝♦♠♣❧❡①✐t②
♦❢ ❝♦♥str✉❝t✐♥❣ t❤❡ q✉♦r✉♠s t❤❡♠s❡❧✈❡s✳
■◆❘■❆
❆ ❚✐♠❡r✲❢r❡❡ ❋❛✉❧t ❚♦❧❡r❛♥t K✲▼✉t✉❛❧ ❊①❝❧✉s✐♦♥ ❆❧❣♦r✐t❤♠ ✶✼
❘❡❞❞② ❡t ❛❧✳ ♣r❡s❡♥t ✐♥ ❬❘▼●✵✽❪ ❛ ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❈❤♦r❞
P✷P s②st❡♠ ✇❤❡r❡ ❛ ❞②♥❛♠✐❝ ❧♦❣✐❝❛❧ tr❡❡ ❝♦♥tr♦❧ ❣❧♦❜❛❧ r❡q✉❡sts ❜② ❞✐str✐❜✉t✐♥❣
t❤❡♠ t♦ t❤❡ k ✉♥✐ts ♦❢ t❤❡ r❡s♦✉r❝❡s✳ ❚❤❡r❡ ❛r❡ t❤❡♥ k ❞✐str✐❜✉t❡❞ q✉❡✉❡s
✇❤❡r❡ ❡❛❝❤ ♦♥❡ ❣❛t❤❡r ♣❡♥❞✐♥❣ r❡q✉❡sts t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥✐t✳ ❲✐t❤♦✉t
❣✐✈❡♥ ♠✉❝❤ ❞❡t❛✐❧s✱ t❤❡ ❛✉t❤♦rs ❛r❣✉❡ t❤❛t s✉❝❝❡ss♦rs ♥♦❞❡s ✐♥ t❤❡ ❧♦❣✐❝❛❧ r✐♥❣
♦❢ ❈❤♦r❞ ❝❛♥ ❛❝t ❛s ❛ r❡♣❧✐❝❛ ❢♦r t❤❡ ♥♦❞❡✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡
❞❛t❛ ❝♦♥s✐st❡♥❝② ❛♠♦♥❣st ❛❧❧ ♥♦❞❡s✱ ❛t♦♠✐❝ ❜r♦❛❞❝❛st t♦ ❛❧❧ s✉❝❝❡ss♦rs ✐s ✉s❡❞
✇❤❡♥❡✈❡r ❛ ♥♦❞❡ ❝❤❛♥❣❡s ✐ts st❛t❡✳
❚✇♦ ♦t❤❡r ❦✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠s✱ ❬❲❈▼✵✶❪ ❛♥❞ ❬▼❏✵✻❪ ♣r♦✈✐❞❡ ❢❛✉❧t
t♦❧❡r❛♥❝❡ ❜✉t ❢♦r ✇✐r❡❧❡ss ❛❞✲❤♦❝ ♥❡t✇♦r❦s✳ ❚❤❡ ❛✉t❤♦rs ✐♥ ❬❲❈▼✵✶❪ ♣r♦♣♦s❡
❛ t♦❦❡♥✲❜❛s❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✐♥❞✉❝❡s ❛ ❧♦❣✐❝❛❧ ❞✐r❡❝t ❛❝②❝❧✐❝ ❣r❛♣❤ ♦♥ t❤❡ ♥❡t✲
✇♦r❦ ✇❤✐❝❤ ❞②♥❛♠✐❝❛❧❧② ❛❞❛♣ts t♦ t❤❡ ❝❤❛♥❣✐♥❣ t♦♣♦❧♦❣② ♦❢ ❛❞✲❤♦❝ ♥❡t✇♦r❦s✳
▼❡❧❧✐❡r ❡t ❛❧✳ ❛❞❞r❡ss ✐♥ ❬▼❏✵✻❪ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛t ♠♦st k ❡①❝❧✉s✐✈❡ ❛❝❝❡ss❡s t♦ ❛
❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧ ❜② ♥♦❞❡s t❤❛t ❝♦♠♣❡t❡ t♦ ❜r♦❛❞❝❛st ♦♥ ✐t✱ ✐✳❡✳✱ ❛t ♠♦st
k ♠♦❜✐❧❡ ♥♦❞❡s ❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② ❜r♦❛❞❝❛st ♦♥ ✐t✳ ▼❡ss❛❣❡ ❝♦❧❧✐s✐♦♥ ♣r♦❜❧❡♠s
❛r❡ s♦❧✈❡❞ ❜② t❤❡ ♣r♦t♦❝♦❧✳ ❍♦✇❡✈❡r✱ ♥❡✐t❤❡r ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s t♦❧❡r❛t❡ ♥♦❞❡
❢❛✐❧✉r❡s✱ ❜✉t ❥✉st ❧✐♥❦ ❢❛✐❧✉r❡s✳
✼ ❈♦♥❝❧✉s✐♦♥
❇❛s❡❞ ♦♥ ❘❛②♠♦♥❞✬s ❛❧❣♦r✐t❤♠✱ t❤✐s ♣❛♣❡r ❤❛s ♣r❡s❡♥t❡❞ ❛ f ✲❢❛✉❧t t♦❧❡r❛♥t
k✲♠✉t✉❛❧ ❡①❝❧✉s✐♦♥ ❛❧❣♦r✐t❤♠ ✇❤❡r❡ 1 ≤ f < k✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ✉♥❞❡r❧②✐♥❣
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❢♦r ❞❡t❡❝t✐♥❣ ❛♥❞ t♦❧❡r❛t✐♥❣ ❢❛✐❧✉r❡s ✇❤✐❝❤ ✐s ✐♥t❡❣r❛t❡❞ ✐♥ t❤❡ k✲♠✉t❡① ❛❧❣♦r✐t❤♠
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❋✉rt❤❡r♠♦r❡✱ ❡✈❡♥ ✐❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ t❡♠♣♦r❛r✐❧② ❞❡❣r❛❞❡ ❥✉st ❛❢t❡r ❛
❝r❛s❤✱ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❞②♥❛♠✐❝❛❧❧② r❡st♦r❡❞ ❛s s♦♦♥ ❛s t❤❡
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